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Abstract. We consider the two-particle discrete Schrédinger operator Hy,(0) on the three-
dimensional lattice Z* with on-site and nearest-neighbor interactions. We study the restriction of Hj, (0) to
the subspace of even functions that are antisymmetric with respect to the first two momentum variables. On
this subspace the on-site interaction vanishes, and the restricted operator H;:*(0) becomes a rank-one
perturbation depending only on u. The eigenvalue problem outside the essential spectrum is reduced to the
scalar equation 4,(z) = 1 + pa(z) = 0. A positive critical value u, is found such that H;%(0) has exactly
one eigenvalue below [0,24] for u < —u,, no eigenvalues outside [0,24] for |u| < w,., and exactly one
eigenvalue above [0,24] for u > u,. At the critical values u = +pu, the corresponding threshold is an
eigenvalue.
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IKKI ZARRACHALI DISKRET SHRYODINGER OPERATORI JUFT-ANTISIMMETRIK
QISMI XOS QIYMATLARI SONI HAQIDA

Annotatsiya. Biz uch o‘lchamli 73 panjarada nuqtada va eng yagin qo'‘shni tugunlarda o ‘zaro
ta’sirlashuvchi ikki zarrachali diskret Shryodinger operatori Hy, (0)ni garaymiz. Bu operatorning birinchi
ikkita impuls o zgaruvchilariga nisbatan antisimmetrik bo ‘Igan juft funksiyalar gism fazosidagi qismi fagat
u ga bog'lig, qo ‘zg ‘alishining rangi bir bo ‘Igan H;%(0) operatorga keltiriladi. Ushbu operatorning muhim
spektrdan tashqaridagi xos giymatlari masalasi 4,(z) = 1 + ua(z) = 0 skalyar tenglamaga teng kuchli
ekanligi ko ‘rsatiladi. Bu holda shunday u, > 0 kritik giymat topiladiki, H;%(0) operatorning u < —u,
bo ‘Iganda muhim spektrdan pastda va u > u, bo ‘Iganda muhim spektrdan yugorida aniq bitta xos giymatga
egaligi, |u| < . bo‘lganda esa muhim spektr tashqarisida xos qiymatlarga ega emasligi isbotlanadi.
Shuningdek, u = tu, kritik giymatlarda mos spektr chegarasi bo ‘sag ‘a xos qiymat bo ‘lishi ko ‘rsatiladi.

Kalit so‘zlar: ikki zarrachali sistema, panjaradagi diskret Shryodinger operatori, muhim spektr, xos
giymatlar, rangi birga teng qo ‘zg ‘alish, Fredgolm determinanti.

O YMCJIE COBCTBEHHBIX 3HAYEHUI lIETHO—AHTI/ICI/IMI\-’.IETPI/I‘-IHOI7I YACTH
JABYXYACTUYHOI'O JUCKPETHOI'O OIIEPATOPA IIPEJAUHI'EPA

Annomayusa. Mol paccmampusaem ogyxuacmuunviii ouckpemusiii onepamop Illpéounzepa Hy, (0) na
pewémke T3 ¢ e3aumoleiicmeusmMu HA pACCMOSHUAX HOMb U 00uH. O2panuuenue Hy,,(0) na
HOONPOCMPAHCMBO YEMHBIX DYHKYULL, AHMUCUMMEMPUUHBIX NO NEPELIM 08VM UMNYIbCHLIM NepeMeHHbIM,
ce00um e20 k eosmywenuto panea oour H;%(0), sasucawemy monvko om p. Iloxasano, umo 3adaa na
cobcmeenble 3HAYEHUS 6HE CYWeCMBEEHH020 CNeKMpPa IKEUEAIeHmMHaA ckanspHomy ypasnenuio A, (z) = 1+
pa(z) = 0. Haiideno kpumuueckoe snauvenue i, > 0: onepamop H;%(0) umeem posno oono cobcmesennoe
SHAYEHUe HUdCe CYWEeCBEHHO020 CheKkmpa npu U < —|[L,, 6blle CYUWeCMBEHHO20 CNeKmpa npu U > U, U He

umeem coocmeennuvlx snauenutl ene [0,24] npu |u| < w,. Ilpu u = U, xkpaii cnexmpa s1615emcsi ROPO208bIM
COOCMBEHHBIM 3HAUEHUEM.
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Knioueevie cnosa: osyxuacmuunas cucmema, ouckpemuwviii onepamop ILlpéouncepa na pewémre,
CYUjeCmeeHHblll CNeKMp, C8A3AHHbIE COCMOAHUSA, 803MYUeHUe paHaa 00uH, onpedeiumens Ppedzobma.

Introduction. Lattice Schrodinger operators are widely used in the spectral theory of few-particle
quantum systems and in mathematical models of particles moving in periodic structures [1, 2, 5]. In contrast
to continuous models, lattice systems may possess bound states both below and above the essential spectrum.
This feature is of particular interest in models with short-range interactions and is closely related to spectral
threshold phenomena [3, 4, 6].

In the present paper we consider the two-particle Schrodinger operator H;,(0) on the three-
dimensional lattice Z3. The parameter A describes the on-site interaction, whereas u describes the nearest-
neighbor interaction. Our purpose is to study the part of this operator acting in the subspace of functions that
are even and antisymmetric with respect to interchange of the first two momentum coordinates.

The main observation is that the on-site term disappears after this restriction. Consequently, the
resulting operator H;%(0) depends only on one parameter and is a rank-one perturbation of the free operator.
This makes it possible to reduce the eigenvalue problem to a single Fredholm determinant. We determine its
behavior at the lower and upper thresholds and obtain the exact number and location of all eigenvalues
outside the essential spectrum.

The paper is organized as follows. In Section 2 we define H,,(0) and its essential spectrum. In
Section 3 we derive the even—antisymmetric restriction. Section 4 contains the scalar reduction and the
required properties of the Fredholm determinant. The exact eigenvalue count is given in Section 5.

The operator H;,(0)

Let T3 = (—m, 7] and let
L2¢(T3%) = {f € L*(T?): f(—p) = f(P)}
be the Hilbert space of even square-integrable functions on T3. For A, u € R, consider the bounded
self-adjoint operator
Hlu(o) = Hy(0) + Vlu
in L2¢(T3).
The free operator H,(0) is the multiplication operator

(Ho () () = E () f (0),

where
Eo(p) =4X1 (1 —cosp), p=(p1,p2p3) €T,
The interaction potential is defined by
2
Vi) ®) = 55 fps f(@) da+55T7; cosp; [ cosq; f(q) dg. (1)
Thus, A and u are the coupling constants of the on-site and nearest-neighbor interactions, respectively.
The perturbation V,, has finite rank. Hence, by Weyl’s theorem,

Oess (H/lu(o)) = O'(HO(O)) = [0,24].
The even—-antisymmetric restriction

We introduce the closed subspace
L2¢212(T3): = {f € L**(T*):  f(p1,p203) = —f (02, P1, P3)}-

Since E,(p) is symmetric in p; and p,, the subspace L%®?12(T3) is invariant for H,(0).
Using
2cosAcosB + 2cosCcosD = (cosA + cosC)(cosB + cosD)
+(cosA — cosC)(cosB — cosD),
we rewrite the first two nearest-neighbor terms in (1). For f € L2®312(T?), antisymmetry gives

Jps f(@ dg =0,
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Jpa (cosqy +cosqz)f(q) dg =0,  [5 cosqsf(q) dg = 0.
Therefore only the antisymmetric nearest-neighbor component remains:

)(P) = o= (cospy — cospy)

X [1s (cosqy — cosqz)f(q) dq.

In particular, the on-site parameter A does not enter the restricted operator. We denote this restriction
by

HE2(0) = Ho(0) + V2.

COospq—cCosp
a (p) - —1 "

Nera)
Then |l ¢ ll= 1 and

VEAf =ulf, a)a. (2)
Thus,

rankV® < 1.
Consequently,

Uess(Hﬁa(O)) = [0,24].

Moreover, H;?(0) can have at most one isolated eigenvalue below 0 and at most one isolated
eigenvalue above 24.

Fredholm determinant

For z € C\[0,24], let Ry(0,2) = [Hy(0) — zI]™".
The eigenvalue equation

HE(O)f = zf

is equivalent to the Lippmann-Schwinger equation

f = =Ro(0,2)V7f. @3)
By (2), a nonzero solution of (3) exists if and only if
1+ pa(z) =0,
where
1 — 2
a(z):= (a,Ro(0,2)) = — [ % _ ”

We therefore define the Fredholm determinant
A, (2) = 1+ pa(z2).

Lemma l. Letu € Rand z € R\[0,24]. Then z is an eigenvalue of H;(0) if and only if
A,(z) =0.
u

Proof. The equation Hg?(0)f = zf is equivalent to (3). Using (2), we obtain
f==u(f,a)Ro(0,2)a.

Taking the inner product with a shows that a nonzero solution exists exactly when 1 + pa(z) = 0.
The next lemma contains the properties of a(z) needed below .

Lemma 2. The function a(z) has the following properties:
1. a(z) >0forz < 0anda(z) < 0 for z > 24;
2. a(z) is strictly increasing on (—oo, 0) and on (24, +);
3. lim a(z) = 0;

z—too
4.

The finite limits

a(0):= Ll;rga(z), a(24):= Zh\rzrha(z)
exist and satisfy
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a(0)>0, a(24)=—-a(0).

Proof. The sign of a(z) follows immediately from (4). Moreover,
, 1 (cosp;—cosp;)?
V@ = g b Gy~ P >0
which proves strict monotonicity. The limits at infinity follow by dominated convergence.
Near p = 0,
Eo@)Ipl?,  cosp; — cosp, = O(|pl?),

so the integrand defining a(0) is locally integrable. The same argument applies at the upper threshold.

Finally,

Eo(m—p)=24—-E& (), alm—p)=-al)

a(24 — z) = —a(2).
Passing to the threshold limits yields a(24) = —a(0).

and therefore

Set
1 _ [t (cosp—cospp)? o 17

Ui = a(0) - g3 f’]I‘3 Eo(D) dp] > 0. (5)

Then
Jim, 8, = 1,
while
. _ 1 . —1_F
i@ =140 pA@=1-1 ®

Main result.

Let n_(H;?(0)) and n,(H;*(0)) denote the numbers of eigenvalues of H;?(0) in (—,0) and
(24, + ), respectively.

Theorem 1. Let u € Rand let u, > 0 be defined by (5). Then:
1) if u < —p,, then
n_(H;2(0)) =1,  n,(H;?(0)) = 0;
2) if —u, < p <, then
n_(Hg?(0)) = ny (H;%(0)) = 0;
3) if u > pu,, then
n_(H;?(0)) =0, ny(H;”(0) =1.

Proof. By Lemma 1, the eigenvalues outside [0,24] are exactly the zeros of A,(2) = 1 + pa(z).
Suppose first that 4 < —p,. For z < 0, Lemma 2 and (6) give
Jim A,(2)=1>0, limA,(2) =1+ Mi < 0.

Hence A, has a zero in (—o,0). Since a(z) is strictly increasing and u < 0, the function A, (z) is
strictly decreasing there, so this zero is unique. For z > 24 we have a(z) < 0 and u < 0, hence A, (z) > 1.
Therefore

n_(H;2(0) =1,  ny(H;?(0)) = 0.

Now let —u, <pu <u,. If z<0, then 0 < a(z) <a(0). For u =0 one has A,(z) = 1, while for
—p =p <0,

Ay (2) > 1+ pa(0) =1 +i > 0.

Thus there are no zeros below 0. Similarly, for z > 24,

—a(0) <a(z) <O.

If u < 0,then A, (2) = 1, whereas for 0 < u < p,,

A (2) > 1—pa(0) =1 —ﬁ > 0.

Hence there are no zeros above 24 either.
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Finally, let u > p,. For z < 0 we have a(z) > 0, so A,(z) > 1. Thus there are no eigenvalues below
0. On (24, +o0),

limA,(z)=1-£<0, limA,(z)=1>0.
zZN\N24 2 Z—+0o
Therefore A, has a zero in (24, +). Since u > 0 and a(z) is strictly increasing, this zero is unique.
Hence
n_(H?(0)) =0, n, (H?0) =1
The proof is complete.

The critical values also have a direct threshold interpretation.

Corollary 1. For u = —pu,, the lower threshold z = 0 is an eigenvalue of H;*(0). For u = p,, the
upper threshold z = 24 is an eigenvalue of H;%(0).
Proof. At u = —pu, set

fo@) = 52

The behavior used in the proof of Lemma 2 shows that f, € L>®212(T3). Since (fy, @) = a(0) and
u = —1/a(0), we obtain
HE, (0)fo = 0.
The proof at z = 24 is analogous, with

__a®
f24(p) - Eo(p)_24'

Conclusion. For the two-particle lattice Schrodinger operator Hy,(0) with on-site and nearest-
neighbor interactions, we have isolated the even-antisymmetric invariant subspace. The on-site term
vanishes on this subspace, and the resulting operator H;?(0) is a rank-one perturbation depending only on
the nearest-neighbor coupling constant u. Its discrete spectrum is completely determined by the single
critical value u, = 1/a(0). There is one eigenvalue below the essential spectrum for u < —pu,, one
eigenvalue above it for u > u,, and no eigenvalues outside [0, 24] for |u| < u.. At the critical couplings the
corresponding spectral threshold is itself an eigenvalue.
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