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Annotatsiya. Ushbu magqolada teskari spektral masalalar usuli yordamida cheksiz zonali davriy
funksiyalar sinfida yuklangan hadli nochizigli Shredinger tenglamasining integrallanuvchanligi tadqiq
etiladi. Bir zonali potensial holati uchun Koshi masalasining aniq yechimi topilgan. Ishda Dirak operatori,
spektral ma’lumotlar, Dubrovin tenglamalar sistemasi va iz formulalaridan foydalangan holda
tenglamaning spektral tahlili amalga oshiriladi.

Kalit so‘zlar: nochizigli Shredinger tenglamasi, Dirak operatori, teskari spektral masala, spektral
berilganlar, Dubrovin tenglamalar sistemasi, izlar formulasi.

PEIIEHUE 3AJIAYM KOIIH JJIA JE®OKYCHUPYIOIIETO HEJIMHEMHOTI'O
YPABHEHMUSI IIPEJUHIEPA C HATPY)KEHHBIM YWIEHOM

AnHomayusa. B oannoti cmamve ¢ nomMowbio Memooa 0OpAmHbIX CNEKMPAIbHBIX 3A0aY UCCTIe0)encsl
UHmMezpupyemocms — HeluHelino2o  ypaenenus Llpéouncepa ¢  HacpysceHHbIM —YleHOM 6  Kidcce
OecKoHeuYHO30HHbIX nepuoouyeckux @yukyutl. [ns cayyas 0OHO30HHO20 NOMEHYUANd HAUOeHO MOYHOoe
pewenue 3a0auu Kowwu. B pabome npoeooumcs cneKmpanbHulii aHAIU3 YPAGHEeHUs C UCNOAb306AHUEM
onepamopa J{upaxa, cnekmpanbHblX OAHHbIX, CUcmeMmbl ypasHeHutl [{yoposuna u popmyn ciedos.

Kniouesvie cnoea: nenuneiinoe ypaenenue ILlpéouncepa, onepamop [Hupaka, obpamnas
CneKmpanbhas 3a0aud, CneKmpanbhvle OaHHble, cucmema ypasnenuil [{yoposuna, hopmyna cieoos.

SOLUTION OF THE CAUCHY PROBLEM FOR THE DEFOCUSING NONLINEAR
SCHRODINGER EQUATION WITH A LOADED TERM

Abstract. In this paper, the integrability of the nonlinear Schrodinger equation with a loaded term is
investigated in the class of finite-gap periodic functions using the inverse spectral problem method. For the
one-gap potential case, an exact solution to the Cauchy problem is obtained. The spectral analysis of the
equation is carried out using the Dirac operator, spectral data, the Dubrovin system of equations, and trace
formulas.

Keywords: nonlinear Schrédinger equation, Dirac operator, inverse spectral problem, spectral data
system of Dubrovin equations, trace formula.

Kirish. Nochizigli optika, kvant mexanikasi, gidrodinamika masalalarini tadgigotlarida nochiqli
Shredinger tenglamasi uchun qo‘yilgan Koshi masalasi yechimini topish muhim ahamiyatga ega. Bundan
yuklangan hadlarga ega nochizigli Shredinger tenglamasini integrallash, Dubrovin differensial tenglamalar
sistemasini keltirib chigarish dolzarb masala hisoblanadi.

Mazkur ishda o‘rganilgan yuklangan hadlarga ega nochiziqli defokuslangan Shredinger tenglamasiga
qo‘yilgan Koshi masalasini davriy cheksiz zonali funksiyalar sinfida yechimga egaligini o‘rganish bo‘yicha
olingan natijalar zamonaviy matematik fizika, kvant mexanikasida, nochiziqli optikada va davriy
to‘lginlarning nochizigli muhitdagi tarqalish jarayonlarida qo‘llaniladi.

Ushbu ishda quyidagi

P =—0, +20(p* +0* )+ p(X,t)a,
A = P —2p(P* +0%) - p(X, 1) p.

ko‘rinishdagi yuklangan hadli nochiziqli defokuslangan Shredinger tenglamasini

1)
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p(x.t)],_, = Po(X),a(Xt)],_, = (X), X, xeRt>0 @)

boshlang‘ich shartlarini qganoatlantiruvchi p(x,t),q(x,t) yechimini davriy cheksiz zonali

funksiyalar sinfida topish masalasini qaraymiz. Bu yerda p(X,t) va p(X,t) lar ushbu
p(x,t)eCi(t>0)NC/(t>0)NC(t=0),

3
q(x,t)eCi(t>0)NC/(t>0)NC(t=0) ©
silliglik shartlarini ganoatlantiruvchi x o‘zgaruvchi bo‘yicha 7 - davrli funksiyalar.
(1) - (3) Koshi masalasining yechimini, quyidagi
L(r,t)ysB%+Q(x+r,t)y:ly, 7eRt>0 (4)
X

Dirak operatoriga qo‘yilgan teskari spektral masala usulidan foydalanib topamiz.

Bu yerda
. :[ 0 1} Q1) :(p(x,t) a(x.t) ] y :(yl(X)}
-1 0 Q(X,t) —p(X,t) yz(x)
(4) ko‘rinishdagi Dirak tenglamalar sistemasining
c(0,4,7,t) = (1,0) va s(0, 4,7,t) = (0,1)" 5)

boshlang‘ich shartlarni qanoatlantiruvchi yechimlarini mos ravishda

c(X, A, 7,t) = (C,(X, A, 7,1),C, (%, 4,7, 1) va (X, A, 7,t) = (5,(X, 4, 7,1), 5, (X, A, 7, 1))

orgali belgilaymiz. Bundan tashgari (4) tenglamalar sistemasiga qo‘yilgan davriy va yarimdavriy
y(0,4,7,t) =xy(x,A,7,t) chegaraviy masalaning xos giymatlarini A (7,t),ne€Z orqali, (4)
tenglamaga qo‘yilgan Y,(0,4,7,t)=0,y,(7,A,7,t) =0 Dirixle chegaraviy masalaning xos
giymatlarini & (7,t),n € Z orqali belgilaymiz.

1-teorema. Aytaylik P(X,t), q(x,t), xeR,t>0 funksiyalar (1) - (3) Koshi masalasining
yechimi bo‘lsin. U holda (4) Dirak operatorining

{;tn (7.1).&,(7.t),0,(7.t)=%lne Z} spektral berilganlari quyidagi Dubrovin differensial
tenglamalar sistemasining analogini ganoatlantiradi:

1) %w, A (z,0)=4,,ne’Z,

2) Gﬁna(tz',t)

=2(-1)"o, (T,t)hn (.;?(z',t)){q2 (z.t)+0,(7,t)+ [ p(z.t)+¢, (r,'[)]2 +
+§f(r,t)+%p(xo,t)},nez. (5)
Bundan tashqari quyidagi
&, (r,t)L:O =& (7), o, (f,t)L:O =o) (r), neZ (6)
boshlang‘ich shartlar ham bajariladi. Bu yerda gﬁ? (T),Gr? (Z') =xl,nel lar L(T,O) Dirak

operatorining spektral parametrlari. (5) tenglamadagi h, (ﬁ(r,t)), NeZ ketma-ketlik

h, (£0) = £, (EE0) (& (7.0 = Aona ) (A — & (7.1)),

[ e -a )
f"((’g(f’m—ww (e84 (1)

formula bilan aniglanadi.
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Isbot.L(z,t)y = B Z—z +Q(x+1,t)y=21y,T €R, tenglamalar sistemasiga qo‘yilgan Dirixle
chegaraviy y;(0,,t) = 0,y,(m, 7, t) = 0 masalasining xos giymatlari &, (t,t) va ularga mos ortonormal xos
vektor funksiyalar y,(x,t,t) = (3’n,1 (x,1,t), Yna2(x,7, t))T,n € Z bo‘lsin, u holda L(t,t)y,(x,1,t) =

$n (T DY (X, 7, 1)
tenglik bajariladi. Bu tenglikning ikki tomonini y,(x,t,t) ortonormal vektor funksiyaga skalyar
ko‘paytirib, quyidagi
$n(Tt = (L(T, O)Yn, Yn) (7)
tenglikni hosil gilamiz. (3.1.6) tenglikning ikki tomonini t bo‘yicha differensiallab,L(z, t)operatorning
simmetrikligidan foydalansak u holda ushbu

0 Lt .
% = (Q(x + T, t)yn,yn),n S/

munosabat hosil bo‘ladi.Skalyar ko‘paytmaning ta’rifidan foydalanib quyidagi

&, (Tt
£ (T ) f [(Ynl 3/121,2)pt + Zyn,lyn,zqt]dx ®)
tenglikni hosil gilamiz. (1)dag| Pe.qe larni  (8) ga qo‘yamiz:

A& (T t
Zen(nf) (T L= [ [(v21 = ¥22) (=G + 200 + G2 + 2901 Vm2 (Do — 200 + D] dx +

[p(xo, ) + q(x0, D% [9(¥21 = YA2) + 2DYn1Vn,2]dx.
Endi quyidagi belgilashlarni Kkiritib olamiz.

T
L(t,t) = f {[—qux + 2a®* + ¢*) + ql(vi,1 —¥2,) +
0
+2[Pxx — 2P(P? + q2) = PlYn1Yn 2 }dx
T
L(z,t) = j [p(v21—¥52) + 2qYn1Yn2]dx
0

Natijada ushbu

af%(f D = (7, )+ [p (o, £) + (o, O (5, ) 9)

tenglikka ega bo‘lamiz.
1, (7, t), I, (7, t) integrallarni hisoblaymiz.
Buning uchun integrallar ostidagi ifodalarning boshlang‘ich funksiyalarini

a; (x' ’fn' t)}’rzl,l-l'bi(x' ’fn' t)yn,lyn,2+ci (x' En' t)yg,z’a(t)' i= 1'2'3- -
kvadratik formalarning hosilalari ko‘rinishida izlaymiz va quydagi tenglikdan foydalanamiz:
{021 =92 [~ tux + 20007 + @7 + 291V x — 2007 + D]}’ = (a2 & DYE 1 +
+b1 (%, &ny )Yn1Yn,2 + €1 (X, &y t)}’rzz,z)’,

q(¥21 — ¥22) + 20Vn1Yn2=(aa(x, &, VA 1 + ba(%, En, O Yn1Vn2 + C2(%,En, YA 2)'
Ma’lumki,

{y’n,l = qYn1 — PYn2 — $n¥n2

, 10
Yn2z =$nYn1 — PYn1 — qVn2 (10)

o‘rinli. Bundan esa
V21 = ¥22) |[~Gxx +200% + @2 + 2Yn1Vn 2 [Pex — 2% + D |={[—ax + % + (p -
E) 8y + (0x — 4080)VnaVn2 + [0 + 4% + (0 + §)*+E71¥2 2}
1 /

A0m1 = Y 2)*2PVn1Yn2 =5 a1 + Vi)
ekanligini ko‘rsatish qiyinchilik tug‘dirmaydi.
U holda, I, (z,t), I, (7, t) integrallar natijasi quyidagicha bo‘ladi:

{ L(z,t) = g+ q* + p® + 2p&y + 283

1
IZ (T, t) = E (y‘rzl,Z (T[, T, t) - y‘rzl,Z (0, T, t))

(9) va (11) tengliklardan foydalanib, quyidagi tenglamani hosil gilamiz:

afna(tr £) (q @0 + 4.5, 0) + (5, D+En (@ D)’ + E2(x, t))

(11)

X [Yr21,2 (m,7,t) — ¥ ,(0,7, t)] (12)
Va2 (M7, t) = ¥ 2(0,7,8) = 2(=1)"0, (7, )h, (7, 1)) (13)
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Bu tenglikni (12)ga qo‘yib , (4)ni hosil gilamiz. Agar Dirixle chegaraviy shartlarini davriy y(0,,t) =
y(m, t,t) yoki yarimdavriy y(0,,t) = —y(m, 7, t) chegaraviy masalani garasak, u holda uning 1,,(t,t) xos
giymatlari uchun

PulD—0n€eZ  yoki Ay(r,t) =An(r,0),nEZ tengliklar  hosil  bo'ladi.  Endi
L(z, t)v,=A, (1, t)v,, n € Ztenglamaga t=0 ni qo‘yamiz, u holda 4,,(z,t) = 4,,(7,0),n € Z ga ega bo‘lamiz.
Bundan L(t, 0)v,=4,(71)v,n EZ

davriy yoki yarimdavriy masalaning xos giymatlari ¢ € R parametrga bog‘liq emasligi kelib chiqadi,
ya'ni  A,(t,0) =4,(r) =4, n€Z t € R Kkelib chigadi. Teorema ishotlandi.

1-natija. Ushbu

P =Y [%—5 (r,t)j, 19
k =—o0

ac.) = Y (1) o, (r.Oh (E(x. 1), (15)
k=—o0

() + 0, ()= z(%ﬂt)j 15)

izlar formulalaridan foydalanib Dubrovin differensial tenglamalar sistemasini yopiq ko‘rinishda
yozish mumkin.

2-natija. 1- teorema (1) - (3) masalaning yechimini topish usulini beradi. Buning uchun dastlab
L(T,O) Dirak operatorining ﬂn, fr? (Z'),Gr? (T) =2x1,ne Z spektral berilganlarini aniqlaymiz, so‘nra
L(T,t) operatorning spektral berilganlarini /In,é:n (T,t),O‘n (T,t)zil,n el orgali belgilaymiz.
Keyin (5) tenglamalar sistemasi va (6) boshlang‘ich shartlar ketma-ketligida 7 = X, deb olamiz. Hosil
bo‘lgan Koshi masalasini yechib, §n(x0,t),an(x0,t),nez ni topamiz. So‘ngra (8), (9) izlar
formulalaridan p ( Xy ,t) funksiyani aniqlaymiz. Shundan keyin, buni (5) tenglamalar sistemasiga qo‘yamiz
va 7T ning ixtiyoriy giymatida (5)-(6) Koshi masalasini yechib & (‘L’,t),O‘n (r,t),n e Z lami
aniglaymiz. Topilgan &, (7,t),0,(7,t),neZ spektral parametrlardan hamda (8) va (9) izlar
formulalaridan foydalanib (1) - (3) Koshi masalasining ( p(z.t).q(z.t) )yechimlarni topamiz.

3 - natija. Bir zonali potensial holida (1) tenglamani ushbu

p(x,t)‘t:0 = %cos{—(&l + 4 )X + 20, (0)(0) |

q(x,t)‘t=0 __h _2)“‘1 sin{—(A, + 4 ) X+ 25, (0)¢(0)}

boshlang‘ich shartlarni ganoatlantiruvchi yechimi 2-natijadagi usul bo‘yicha yechamiz, bu holat uchun
Dubrovin differensial tenglamalar sistemasi ushbu ko‘rinishda bo‘ladi:

G TMPSYRY ey o o e B

x{ﬁ”"z arh) i raat t)}}
2 0 ()

2 4 2
&(nt)|_, = % +21_1 _h _2’1-1 cos{—(A; + 4, )7 +20,(0)p(0)} o, (z.1)|_, =0,(7)

ﬂ_l = —/10 bo ‘lganda yechim quyidagicha bo‘ladi:
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p(z,t)= 1, cos{Zﬂjt + Ay {%

. ) M?+1
q(z,t)= —/105|n{210t + 2, [marctg [M(tg(Nt +L))] - vE _1t} + 2C(1)}

~ /ugmo B > 1 o 1
Bu yerda M = —2102_/10 ,N_ﬂo A 2 ,/10>2,L_arctg{Mtg[ao(O)goo(O)]}

C (Z' ) berilgan boshlang‘ich shartlardan topiladi.

arctg[M (tg (Nt + L))] - mi fH 4 2c:(f)}
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