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Abstract. Within a rectangular region we formulate and study an initial-boundary value problem,
furnished with a combination of local and paired (linked) boundary conditions, for a high even-order partial
differential equation whose type is lost at once in the time variable - at each end of the time interval - and in
the spatial variable, and which additionally carries a subordinate term. Resting on an energy-integral
identity attuned to the temporal degeneracy and rounded out by a Gronwall-type bound, we settle the
uniqueness of the solution. Merging spectral analysis with the Green’s-function apparatus, we express the
solution as a Fourier series in the eigenfunctions of the attendant spectral problem, whose Green’s function
is written out explicitly and shown to be symmetric. Weighted ¢, -type bouns for the Fourier coefficients are

supplied, and an estimate of the solution is deduced, from which its continuous dependence on the prescribed
data follows.

Keywords: initial-boundary value problem, degenerate equation, time degeneracy, local and paired
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BUZILADIGAN YUQORI JUFT TARTIBLI TENGLAMA UCHUN ARALASH
CHEGARAVIY SHARTLI MASALA

Annotatsiya. To rtburchak sohada yugori juft tartibli xususiy hosilali tenglama uchun lokal va nolakal
chegaraviy shartlar kombinatsiyasi bilan berilgan boshlang ‘ich-chegaraviy masala qo ‘yilgan va
o ‘rganilgan. Tenglamaning tipi bir vaqtning o ‘zida ham vaqt o ‘zgaruvchisi bo ‘yicha-vaqt oralig ‘ining har
ikkala uchida-ham fazoviy o zgaruvchi bo ‘yicha buziladi, shuningdek, tenglama qo ‘shimcha kichik yig ‘indini
0z ichiga oladi. Vagt bo‘yicha buzilishga moslashtirilgan va Gronuoll tipli baholash bilan to ldirilgan
energiya integrali ayniyatiga tayanib, yechimning yagonaligi isbotlangan. Spektral tahlil hamda Grin
funksiyasi bilan birgalikda qo ‘llanilib, yechim tegishli spektral masalaning xos funksiyalari bo ‘yicha Furye
qatori ko ‘rinishida tasvirlangan. Bunda spektral masalaning Grin funksiyasi oshkor ko ‘rinishda yozilgan va
uning Simmetrikligi ko ‘rsatilgan. Furye koeffitsiyentlari uchun vaznli (, tipli baholar Kkeltirilgan va

yechimning bahosi olingan bo ‘lib, undan yechimning berilgan ma’lumotlarga uzluksiz bog ‘ligligi kelib
chigadi.

Kalit so“zlar: boshlang ‘ich-chegaraviy masala, buziladigan tenglama, vaqt bo ‘yicha buzilish, lokal va
juftlangan chegaraviy shartlar, spektral masala, Grin funksiyasi usuli, integral tenglama, Furye gatori.

CMEITAHHASA 3ATAYA JUIA BBIPOXIAOIMETI'OCs1 YPABHEHH S BBICOKOT'O
YETHOTI'O IIOPAJKA

Annomauus. B npsmoyzonbnoii obnacmu cghopmyauposana u ucciedos8ana HaYaIbHO-Kpaesas 3a0add
Cc KoMOuHayuel JOKANbHLIX U NAPHLIX (CEA3AHHLIX) KPAesulX YCA08Ull Ol YPABHEHUSl 8 UACHHbLIX
NPOU3BOOHBIX BbICOKO20 UYEMHO20 NOpsoKa. Tun OaHHO20 YpasHeHus mepsaemcsi OOHOBPEMEHHO HO
BDEMEHHOU NePeMEeHHOU HA KAdiCOOM U3 KOHYOB BPEMEHHO20 UHMEP8And U Nno NpoCMpPaHCMEEHHOU
nepemeHHol, Npu4ém ypasHeuue OONOIHUMENbHO coldepocum maaowul ynen. Ha ocnoee moowcoecmea
SHEPeeMUYECKO20 UHMeSPAld, CORAACOBAHHO20 C BbIPOICOCHUEM NO 8PEMEHU U OONOJHEHHO20 OYEeHKOU muna
I'ponyonna, ycmanoeniena eduncmeennocms pewienus. Couemas CHeKMpATbHbl AHAIU3 C ANNAPATNOM
Gynxyuit  Tpuna, pewenue npeocmasneno 6 eude psda DPypve no cobCcmeeHHbLIM — QYHKYUAM
coomeemcmeyoueli CReKmpaibHol 3a0aqu, Gyukyus I puna Komopou 8blnucana 6 16HOM 8ude U NOKA3aHa
eé cummempuunocms. Ilpusedenvt gecosvie oyenku muna [, 01a xkoapguyuenmos @ypve, u nonyuena

OYEHKa peutenusd, u3 Komopoﬁ Cﬂedyem €20 HenpepvleHasl 3a8UCUMOCTb OM 3A0AHHBIX OAHHDIX.
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Kntouegvle cnoea: nauaibHO-Kpaesas 3ao0aud, 6blpodcoaroueecss yYpaeHeHue, BblpodcoeHue no
8peMeHU, JIOKANbHble U NApHble Kpdesble YClo8Us, CHeKMpaibHas 3adaua, memoo Gyukyuil I puna,
unmezpanvHoe ypagnenue, psio @ypoe.

Introduction. The theory of partial differential equations finds broad application across numerous
branches of contemporary science and technology, among them hydrodynamics, the theory of elasticity, and
quantum mechanics. At present, this theory is advancing rapidly along a variety of lines. Among these,
boundary value problems formulated for even-order partial differential equations of higher order hold a
particularly prominent position. A survey of the studies carried out in this direction indicates that initial-
boundary value problems for equations involving derivatives of integer order have received considerable
attention. For instance, in [1] the author examined the problem of determining a solution of the equation

aZku 62
&(7 atz = f(X t) (1)
in the domain A={(x,t):0<x<p,0<t<T}. Here the sought solution is required to obey the
boundary conditions
az aZm
2m ( ) 2m
OX OX
together with one of the following pairs of initial conditions:
u(x,0)=u(x,T)=0, 0<x<p,
u(x,0)=u,(x,T)=0, 0<x<p, 3)
U(X,O)ZU(X,T), ut(xlo):ut(XIT)l OSXS p
The problem stated above was therein subjected to a thorough investigation. Moreover, in [1] a further

problem was posed for equation (1) under the prescribed data and the boundary conditions
62m+1 62m+1

8X2m+1(0 )_62m+1(pt) 0, m= Ok 1 O0<t<T, k>2.

In [2], the problem for the equation in the domain A, endowed with particular boundary conditions
and the initial data u(x,0)=u,(x,0)=0,0<x<p, was analyzed. In [3], an ill-posed problem for the
equation in the domain D ={(x,t):0<x<x;0<t<2z} with f(x,t)=0 and k=2n+1,neN was treated
under the boundary and initial conditions

(p,t)=0, m= 0,k-1 0<t<T, k>2, 2

o™ am 0,m=01...k-1 t)=f(t), O<t<2
6)(?( ,t) (72' t) m= -1 U(aﬂ', )— (), <i<<Zrm.
In [4], a problem was con3|dered for the quasilinear equation
ou ,0%*u ; KeB
y— @(72 (t,X,U), eN,

in the domain D; ={(t,x):0<t<T;0<x <z}, supplemented by the initial conditions u(0,x) = ¢(x),
u (T,x)=w(x), 0<x<sx, and by boundary conditions of periodic type in X. The Fourier method was
employed to solve the problem, while the existence and uniqueness of the solution were established by
means of the method of successive approximations in a Banach space. In [5], problems for the equation
azk 62
pv atz = f(x,1)
in the domain A, subject to specific conditions and u(x,0)=u,(x,0) =0, were investigated, it was
demonstrated therein that the solvability of the problem is governed by the parity of the number k . Finally,
in [6], initial-boundary value problems were studied for the equation u, + A(X,D)u(x,t) = f(x,t), where

A(x,D) = Z a,(x)D“ is an arbitrary positive, formally self-adjoint elliptic differential operator of order
la|<m
m =2l with sufficiently smooth coefficients, the problem is resolved in the form of a series by invoking the
classical Fourier method together with the associated spectral problem, and the existence, uniqueness, and
stability of the solution were proved.
The works cited so far concern equations whose leading spatial part is non-degenerate. A separate and
more delicate line of research addresses equations in which the higher-order spatial operator degenerates
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through a weight that vanishes on the boundary. Thus, in [7] a local initial-boundary value problem was
analysed for an equation combining the Bessel operator with the operator (—1)*&* / ax*[x“d*u/ ox*].

In [8], for a high even-order equation of order 2k carrying a Bessel operator in a rectangular domain,
aZK o o
®ta

a pair of nonlocal initial-boundary value problems was set with requirements linking the values and
the higher-order derivatives at the two endpoints x=0 and Xx=1, for one of them the existence, the

uniqueness, and the continuous dependence of the solution upon the data were proved through the Fourier
method, the Green’s function, and spectral analysis.

A degenerate high even-order operator of the form 6*" /8x2”(x“82”u / 8x2”) underlies a further group

@ﬁzn( i ]—f( 0. @

B/ U+ (- 1) =f(xt), B/ ™=

of studies. For the equation

ar o X
the study [9] posed a problem under local boundary requirements imposing, at each endpoint x=0
and x =1, the vanishing of the even-order derivatives of u and of x“d°"u/ax*". For the same equation (4),
the work [11] set and investigated a problem under local conditions prescribed separately at the two
endpoints (values of u at x=0 and of its (n+ j) -th derivatives at x=1), while [10] treated, for the same

family of degenerate equations, an initial-boundary value problem carrying yet another set of local
conditions and justified the solvability of the linear system governing the Green’s-function coefficients. The
study [12], again for equation (4), examined a problem in which the boundary conditions link, at each

endpoint, the even-order derivatives of u with its odd-order ones (and likewise forx*6*'u/ax*"), for
j=0,n-1and t<[0,T].
A further, doubly degenerate operator,

(—1)" 4{ )ﬂa u(x, t)}

whose degeneracy at both endpoints x=0 and x=1 is produced by the weight x*(1—x)”, underlies

the initial-boundary value problems treated in [13, 14]. The equation examined in [13] places a Caputo
derivative alongside a Riemann—Liouville integral,

“D&u+allu+bu+(-D)" —[x 1- x)[’6 u}

whereas the one considered in [14] attaches a further factor t” to the Caputo derivative,
n n
tyCDgtu+b1u+(_1)”%[xa(1—x)/’Z :}:0, 0<y<d<]
X X

whereby the degeneracy extends beyond X to the line t=0 as well. Both studies impose boundary
and initial data of one and the same shape,

olu

j n
22 =o, o x”’(l—x)ﬂalnJ
o ox? OX

ox/
x=1

and in each of them the solution is shown to be unique through energy identities and is built by the
Fourier method, the accompanying spectral problem being reduced, via its Green’s function, to a Fredholm
integral equation with a symmetric kernel. Consequently, the solution of [13] is written out by means of the
two-variable Mittag-Leffler-type function E,(-,-), and that of [14] through the three-parameter Kilbas-Saigo

function. In either setting, the uniform convergence of the corresponding Fourier series and the continuous
dependence of the solution upon the prescribed data are secured.

A boundary value problem on a rectangle for an equation in which a third-order derivative is
combined with a degenerate high even-order operator-the accompanying weight vanishing on the boundary
of the domain-was treated in [15]. In [16] a Dirichlet-type problem was addressed for a degenerate high-
order equation of fractional order, there Mittag-Leffler functions were brought into use, and both the
convergence of the solution series and the estimates for the Green’s function were secured by asymptotic

=0, j=01,...,n-1 u(x,0) = e(x),
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expansions. Furthermore, an equation of the form t"u, +at™u, +bu+[x*(1-x)’u, ], =0, which
possesses three lines of degeneracy, was examined within an initial-boundary value problem in [17], while in
[18] the fractional-order equation t° °DZu—(x*(1-x)”u,), = f was investigated, a direct as well as an

inverse problem being considered under suitable restrictions on the parameters.
To the authors’ knowledge, however, no previous work has treated an equation that simultaneously
brings together a first-order derivative in time, a two-sided temporal degeneracy expressed by the weight

t*(1—t)°, a lower-order term cu, and a spatial degeneracy of high even order. In contrast to [17], where a

second-order time derivative together with three lines of degeneracy is treated, and to [14], where the time
derivative is of fractional order, the equation considered here retains an ordinary first-order time derivative

alongside the two-sided weight t3(1-1)". The novelty of the present study lies precisely in setting up and

analyzing such a problem, supplied with boundary conditions of a mixed type that combine local
requirements with paired (linked) ones relating the values at X =0 to those at x=1.
In the rectangle Q ={(x,t):0<x<1;0<t <1} we consider the equation

X" ( L OPMu(x ) )
ainkX aXZn J = f (X't)’ (5)

where a,b,c,a are prescribed real numbers, ne N, 0<a<1, 0<b<1l, ¢>0, O<a <1, u=u(xt)
is the unknown function, and f (x,t) is a given sufficiently smooth function.
Statement of the problem. Find a function u(x,t) that meets the following requirements:

1) the following continuity requirements hold: u(x,t),du/ox,d%u/ox?,..., 8" ulax*" e C(QY),
X202 1 ox*", (01 ox)(x* 0% u 1 &x*"),..., (0*" 1 ox*" M) (x*6*u / ox*") e C(Q), t*(1-1)"du/oteC(Q) and
(@*" 1 ox*")(x*0%"ul 6x*") e C(Q) ;

2) the function u(x,t) satisfies equation (5) in Q;

3) it fulfils the initial condition

ta(l—t)b@+cu +
ot

u(x,0) =p(x), x €[0,1], (6)
where ¢(x) is a prescribed continuous function, together with the boundary conditions
aju(Q,t)zo a“+iu(o,t)+a"+iu(1,t)
ox! CooxM oxM

)] (N
Xa aZnu . Xa aZnu
axzn aXZn
x=0

Investigation of the spectral problem
Carrying out the separation of variables in the problem under consideration, one is brought to the
spectral problem

=0, j=0,n-1,te[0,1];

PENGS)
=0, [x“ 0 ;:J
OX

x=1

(7
=0, j=0,n-1te[0,1].

x=1

MI=(x Ve (0) " = av(x),  0<x<1, ®)
v (), (xve ()" eclo, j=0,2n-1
vl (0)=0, v D) +v™D(@1)=0, j=0,n-1; (9)

2n) (j)‘ (2n) (j)‘
(x“v " (x)) X:OJr(x”‘v " (x))

=0, j=0,n—1

(n+j)
=0, (xv®(x))
x=1 x=1

Throughout, M[v] denotes the differential expression (x“ (V(Z”)(x))(zn) applied to any sufficiently
smooth function, not only to eigenfunctions, in particular Mg in the lemmas below is this same expression
appliedto g .

Self-adjointness of the operator. Let v(x) and w(x) be functions satisfying conditions (9), and
Mv(x), Mw(x) € L,(0,1) . Then, applying integration by parts 4n times, we have

[} woomv(ax = [wox) (xv@ ()™ —w(x) (xv@ () wr ) (xv @ ()

)(Zn—l) (2n-3)
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W@ (X)(Xav(Zn) (X)) + (XaW(Zn) (X))V(2n—l) (X) - (XaW(Zn) (X)), y(@-2 X

+(x“w(2”) (x))” v (x)—...— (x"‘w(z") (x))(zn_l) v(x)]ijJ + J.:v(x) Mw(x)dx.
Hence, by virtue of the properties of the functions v(x) and w(x) , the following equality holds:
J.Olw(x) Mv(x)dx = j:v(x) Mw(x)dx.
Consequently, the problem { Mv =0, (9)} is self-adjoint.

Let v(x)#0, x<[0,1] be a solution to the problem {(8), (9)}. Then, multiplying both sides of equality

(8) by v(x) and integrating from 0 to 1, we have
(2n-2)

ﬂijz (X)dx = Iolv(x) (X“V(Z") (x))(zn) dx = [v(x) (X“V(Z”) (x))(zn_l) - v’(x)(x“v(zn) (x)) +...

x=1

LD (x)(x“v‘zn) (x))] . j:x“ [V(Z”’ (X):|2 dx = E x“ [V(Z") (x)}2 dx,

ie.,

X=

A jolvz (X)dx = jolxa [V (0T dx. (10)

By condition (9), x“v*”(x)eC[0,1], so |x“v(2”)(x) |s C, on [0,1] for some constant C,, and
therefore
1 2 1 2
al,,(2n) _ —a| ya,,2n)
on [v (x)] dx_-[ox [x v (x)] dx,
since 0<a <1. Thus the right-hand integral in (10) remains finite despite the degeneracy at x=0,
and consequently the eigenvalue 4 must satisfy 4>0. If 4 =0, then from the last equality it follows that
v@(x)=0, 0<x<1. Then
X2n—1 2n-2
+c,
(2n-1! (2n-2)!

where c; are arbitrary real numbers. Subjecting this function to the conditions

v(©0)=0, v™V(0)+v™P(1)=0, j=0,n-1, we obtain c;=0, ] =1,2n. Then v(x)=0, 0<x<1.
Consequently, problem {(8), (9)} can have nontrivial solutions only when 4 >0.
Construction of the Green’s function.

Let 4>0. We demonstrate that {(8), (9)} possesses eigenvalues by resorting to the method of the
Green’s function. The Green’s function G(x,s) attached to the problem is required to enjoy the following

properties:

1) the functions (8 /ax)G(x,s), j=0,2n-1, and (&' /ox))[x* (6" /1 ox*")G(x,s)], j=0,2n-2,
are continuous for all x,s<[0,1];

2) on each of [0,s) and (s,1] the derivative (62" /ox*™ ™ 1)[x* (6™ / &x*")G(x,s)] is continuous, while
at X=s it has the jump

V() =¢

+...+c2n_1%+c2n, x € (0,1),

Xx=5+0

Gandl aﬁ“[x“ CHES )G(x,s)] =1 (12)
X=5—

3) on (0,s) and (s,1) the derivative MG(x,s) exists (in X) and MG(x,s)=0;
4) for s (0,1), as a function of X, it satisfies
d'G(0,s) . a"IG(0,s) . "IG(Ls)

0, . 22 —0 j=0,n-1 (12)
ox’ ox"! ox™!
. 07"G(x,s) W . 07"G(x,5) W . 07"G(x,5) (el _
X aXT +| X aXT =0, X &(T =0, j=0,n—l (13)
x=0 x=1 x=1

Guided by the structure of the general solution of MG(x,s)=0 on the two subintervals (0,s) and
(s,2), we look for G(x,s) in the shape
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on Ao 2n x2n-]
Z(2 ‘)E'i(sz i+1) +Z%’ pexss
= (@n-DN'2n-a-j+1),, “F (@n-j)!
G(x,s) = 12 n o n 12 n s (14)
il A xX<1,

J-Z_ll(Zn—j)!(Zn—a—j+1)2n +J.Z_1: -’

where a; and by, j:m, are unknown functions of s, and (z),=2z(z+1)---(z+n-1) is the

Pochhammer symbol [19]. Requiring that properties 1) and 2) hold and that the jump relation (11) be
satisfied, we are led to the following system governing the differences b; —a; :

b -8 =1
k (b, —a )s*! S
Z( j J? -0, k=22n, (15)
= (k=)
2n+m-j-a m—j
i (bj._aj)s : ! +i(b2n+j_a2n.+j)5 J:O, m:ﬁ
= @n-)2n-j+l-a), 3 (m-)!

This system admits the unique solution [9]:
(_1)]‘151_1 (_1)]—152n+j—1—a o

b,—a = N - , J=L2n. 16
e T T T W o
Substituting the second part of condition (13) into (14), we obtain
b, =0,j=1Ln, 17)
and, taking (17) into account, it follows from (16) that
(_1)1' ijl —
(j-D!
Substituting the first part of (13) into (14), we correspondingly arrive at the equality
j-1
a; +b, =—Z_b—i_, j=n+12n. (19)
i=1 (J - |)!

Now, combining b; —a;,b; +a; (j=n+12n) from (16) together with (19) into a single system, we

obtain, with respect to a; and b;, the solutions

il _1yilgit = _1)ilgit -
aj:-l{Ej_bu LD } bj:—i{zg L } j=n+i2n (20)
2 i=1 (J_l)! (J_]—)! 2 i=1 (J_l)! (J_]—)!
Subjecting the first part of equality (12) to (14), we obtain
ay,_; =0, j=0,n-1; (21)

taking (21) and (16) into account, the following equality is obtained:
(_1)2n—j—ls4n—j—l—a
" @n- D@ - j-a),
Subjecting the second part of equality (12) to (14) accordingly, we get

j=0,n-1 (22)

2n b j-1 b —
a : +b = I + 20k ) :1!n1 23
anj F Dan (;(m—i)!(zn—a—nl)j ;(j—k)!J J=1n. (23)
where, for j=1 in (23),
2n b|

Ay Ty =— '
2n+1 T 2ns ; @2n-)2n-a-i+1)

Reducing the corresponding parts of (23) and (16) to a single system, we obtain, for a,,,; and b,,.;,

the following equalities:
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_1)i1g2n+j-l-a j-1 2n+j—l a
a2”+j :l(aznﬂ' +b2n+i _(-J-)S—-j' b2n+j :1(a2n+j +b2n+j (1)—} (24)
2 (J-DXj— )y 2 (J-DXi-a)s

Thus, the Green’s function satisfying properties 1)-4) exists and is unique, having the form (14), where
the coefficients a; and bj , ] =1,4n, are determined by formulas (17), (18), (20), (21), (22), (24).
The case n=1.

x> sx* SX s¥ox
- + + - , X<S,
Gixg ) @ e -, d-a) 2A-a),
sx* SX $77x s>
- + + - , X>S.
21-a), 4(l-a) 201-a), (2-a),
The case n=2,
~ X7—a . SXG—a ~ SZXS—a ~ 52X4—a . S3X4—oz . (ZSZX3 . SSX3 ~
d-a), 2!B3-a), 42-a), 81l-a), 12(1-a), 16-3/(1-a), 24-3l(1-«)
gh-ay3 (a —a+2) 522 as3x? gh-ay2 5y 2
- - + , X<,
6(x5) 2-3!(1—a)4 32-2I1-a), 48-2I(1-a), 4-2!(1—05)4 2-2!(2—05)4
X,8)=
S7706 SG—aX SS—aXZ SA—aXZ S4705)(3 aSSXZ
- + - - + + +
(4-a), 2(3—0:)4 2-2!(2—0:)4 4-2!(1—0:)4 2-3!(1—0:)4 48-2\(1- ),
. 33 ) N (a2_a+2)52x2 as?x3 B §2y4-a . §2y5a e
24-3(1-a) 121-a), 32-2(1-a); 16-3(1-a), 8(l-a), 4(2-a), '

Symmetry of the Green’s function.
We now prove that G(x,s) is symmetric in the general case. It is known that the problem {Mv =0,

(9)} is self-adjoint, therefore, its Green’s function (14) is symmetric with respect to its arguments X and S .
Let us prove this assertion. Suppose  V(x),h(x)eC?*[0,]] and  x*v®V(x),
x“h® (x) e C*"[0,1] ~C?"(0,1) . We introduce the following notations:
MY = (v (00) " = 100, M) =(x7h® () = g(x)
Then the following equality holds:
a,,(2n) (2m) apn(2n) (2n)
h(X)MV(X) —v(X)Mh(X) = h(x)(x v (x)) —v(x)(x h (x)) =
2n-1 4 _ s
= di{(—l)j [h(j)(x)(x“v(zn) (x))(2n = —vD () (x“h@ (x))‘z" ' ”}}: f (h(X) = gOOV(x), 0<x<1
—~ dx
j=0
(25)

Assuming v(x) =G(x,s) and h(x)=G(x,£), at all points of the interval (0,1) except fo.r x=& and
x#s, the relations Mv(x) =0 and Mh(x) =0 hold. Then equality (25) takes the form:

2n-1 2n-1-j 2n
Zd{( ] [—G( é)jznlj( 00 s)j

=0

dj d2n—l—j ( dZ

_d_G(x )OI ] ™ > G(X, 5)}}} . xe(0,)\{s,&}(26)

Without loss of generality, let us assume s<¢&. Then the interval [0,1] is divided into three
subintervals: [O,s], [s,£], and [£,1] . Integrating equality (26) over these subintervals yields:

x=s-0
2n-1 d 2n-1-j d 2n d j d 2n-1-j d 2n
1 —G _| x“* G(x,8) |-—-G(x,s _| x“* G(x, +
,Z{( ){ (&) dznl,[ v 6 )j L7 8xs) dxznl,( 6l f)ﬂ}
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; . x=£-0
2n-1 d2n—l—J d2n d dZn—l—j Y dZn
+Z{( 1) {—G(x g)d Zn_l_j( o7 G(x, S)J——G(x s)d T (x o7 G(x,g)ﬂ}xs+0 +

2n-1 dZn —1-j d2n d danlfj d2n
+Z ( 1) I:_G(X 5) dx 2n-1-j ( dx 2n G(X S)]_d_G(X )d 2n-1-j (Xa dXZn G(ng)j:l =0.
x=£+0
Taking into account properties 1) and 4) of Green’s function G(x,S), the last equality reduces to:

X=s+0
{G(X g)s m[ j —G(x, s)j:l {G(x 52 Zn_l( j —G(x, .»;)H
x=s—0 x=5-0

d 2n-1 d 2n x=¢+0 d 2n-1 d 2n x=¢+0
{G(x f)d T 1( F¥ ——G(x, S)H » {G(x S)—— ( e ——G(x, 5)}}

According to property 2) of Green’s function, the derivative (62”’l / 6X2”’1)[X“ (62” / ox*" )G(x, 77)] is

continuous for x = 77 . Accounting for this continuity, we obtain:

Xx=5+0

=0.

x=£-0

d2n—l q2n g2t g
I:G(X 5) ( Ix Ty G(X s)j L _G(Xaf) dx2n—1[ dx 2n G(X S)j X_s+0]+
42 g2 a2 d*"
{G(x,s)d 7 1( ez G(x, é)j » _G(X’S)d 7 1( g G(x, f)JMO]‘O'

Hence, by virtue of equality (11), we arrive at —G(s,¢) + G(&,s) =0, which completes the proof.

Reduction to an integral equation. Following the technique set out in [20, §3, pp. 40-42], one shows
that problem {(8), (9)} is equivalent to the integral equation

v(X) =1 I:G(x, $)v(s)ds. @7

The proof follows the same line of reasoning as that of Theorem 2 in (21 §3, pp. 40-42). Although the
boundary conditions considered there differ from (9), the argument remains valid in the present case, since it
uses only Properties 1)-4) of the Green function established above. Repeating the proof of Theorem 2 with
the Green function constructed here, one verifies that the function

v(x) = jole(x,s) f(s)ds
satisfies M[v]= f together with the boundary conditions (9). Therefore, setting f(x)=Av(x), we

arrive at the homogeneous Fredholm integral equation (27).
This equivalence is established because G(x,s) is the Green's function of the differential operator M

under the specified boundary conditions, which allows the differential operator to be represented as an
inverse integral operator. Since the kernel G(x,s) is real, symmetric (as shown above) and continuous, by

the theory of symmetric integral equations the corresponding integral operator possesses a countable set of
characteristic numbers |4 |<|4, |<...<[ 4, |<..., (see [20], §26, pp. 140-145), and, by the Hilbert-Schmidt
theorem (see [20], §27, Theorem 1, p. 150), the corresponding system of eigenfunctions is complete in
L,(0,1). Recall that, as shown above, every eigenvalue satisfies 4>0; hence the eigenvalues can be
arranged as
0< ALK A4 <., A > oo,

and the corresponding system of eigenfunctions Vv, (X),V,(X),V;(X),...,V, (X)... forms an orthonormal
system in space L,(0,1) [20].

In addition, it is not difficult to verify that the system of functions sV (s) /4, also k =1,2,...
forms an orthonormal system in L,(0,1).

The following lemma demonstrates which type of functions can be expanded into series by the system
of eigenfunctions of the problem {(8), (9)}.
Auxiliary lemmas. In all that follows, g, stands for the Fourier coefficient of the function g(x),
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1
0y = JO g(x)v, (x)dx, keN. (28)
Lemma 2.1. Let g(x) comply with conditions (9) and let Mg(x) e C(0,1) " L,(0,1). Then g(x) can
be expanded on [0, 1] into an absolutely and uniformly convergent series over the eigenfunctions of problem

{®), (9}
Proof. By integrating by parts and drawing on the properties of G(x,s) along with the hypotheses

placed on g, one confirms the identity

j:G(x,s)Mg(s)ds _ I:G(x,s)[s“g(zn) ()] ds=g(.
As Mg(x)eL,(0,1), the identity establishes that g can be represented through the kernel G(x,s).

Since, moreover, G(x,s) is continuous on Q, the claim is a consequence of Theorem 2 of [20, p. 153].

Lemma 2.1 has been proved.
Lemma 2.2. The series

_ ) o 2n) o TN
i[V&”(x)] = ([X v (] )
k=1 Z’k , k=1 Z’kz

converge uniformly on [0,1].
Proof. Using (8) and the properties of the Green’s function, from (27) with V(X) =V, (X) one derives

. j=02n-1 (29)

, 19! I o om, e )
vﬁ”(x)=A«joﬁe(x,s)vk(s)ds=jo[s vi#(s) | ~76(x9)ds.
After 2n integrations by parts and an appeal to (9),
2n+j

v (x) = jsv§2”>(s) - O(x.9)ds,

whence, as 4, >0,

) 2n+j al2, ,(2n)
Vkﬁx) . isa’z Lt s)lsvk—ﬂ(s)}ds. (30)

Thus v{" (x)/ \[2 is the Fourier coefficient of s*/>9°""IG(x,s)/ (éx)as*") in the orthonormal system
{s“2v#(s) [ \/Z }, and Bessel’s inequality [see: [22], pp. 23-24)] gives

+00 V(j) X 2 2n+j 2
ZMSFS“ a G(x,s)| ds, j=0,2n-1 (31)
= o | oxlos™

The integral on the right-hand side of (31) can be rewritten as
2

1 u 62n+1 . aZn .

IOS |:axjaSZn G(x, s)} ds = .[ S LXJ( T G(x, s)]:l j=0,2n-1

2n j _ -
«9 GEX 5) 96IS) @), j=02n-1
os" ox’
the function in the square bracket is continuous on Q. Then, due to 0<a <1, the integral on the
right-hand side, and therefore the integral in (31), is uniformly bounded at j=0,2n—1, which implies that

the first series in (29) converges uniformly.
The convergence of the remaining series can be proved similarly. Lemma 2.2 has been proved.

Lemma 2.3. If g?(x)eC[0,4], j=0,2n-1, x*?g®"(x)eC(0,)) " L,(0,1), and ¢ satisfies the
corresponding boundary conditions in g’ (0)=0, g™ (©0)+g™" (1) =0, j=0,n—1,then

Zﬂkgk [x (a9 dx (32)

in particular, the series on the left converges.}

Since
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Proof. By (8),
ﬂélzgk _ ﬂ{llzjjg(x)[xavﬁzn)(X)](zn) dx
Carrying out 2n integrations by parts and using the properties of g and v, ,

/Fiélzgk _ J‘:{onlzg(zn) (X)}{ﬂ{uzxa/zvﬁzn) (x)}dx.

al2

Thus A-%g, is the Fourier coefficient of x“°g®"(x) with respect to the orthonormal family

{x“2vEM (x) 1 \/Z }, and (32) issues from Bessel’s inequality. Lemma 2.3 has been proved.
Lemma 2.4. If g(x) obeys (9) and Mg(x) e C(0,1) nL,(0,1), then

+00 1
> 408 < | [Mg(oT o (33)
k=1

in particular, the series on the left converges.

Proof. From (8), ﬂkgk=j:g(x)[x“v§2")(x)]‘2“)dx. Performing 4n integrations by parts and

1
accounting for the properties of g gives A9, :I[Mg(x)]vk(x)dx. Accordingly, 4.9, is the Fourier
0
coefficient of Mg(x) in the system {v,}, and (33) results from Bessel’s inequality. Lemma 2.4 has been
proved.
Lemma 25. If g(x) satisfies (9) and, in addition, [Mg(x)]? eC[0,]], j=0,2n-1,

X“MgO)I? CO.) AL 0.0,  [Ma(x)]"=0,[Mg(x)]""| +[Mg()]™"| =0, T=0n-1,
x=0 x=1
then
> gt < [ x (Mg o (34

Proof. The function Mg satisfies the assumptions of Lemma 2.3, and, by what was shown in Lemma
2.4, the quantities 4,9, are the Fourier coefficients of Mg in {v,}. Invoking Lemma 2.3 for Mg (its

Fourier coefficients being 4,0,) produces Z:ﬂk(ﬂkgk)2 sI:x“{[Mg](Z")}de, which is precisely (34).
k=1

Lemma 2.5 has been proved.
Existence, unigueness and stability of the solution
We look for the solution in the form

U, = 30, OV, (), (35)
k=1

in which v, (x) denote the eigenfunctions of {(8), (9)} and the functions u, (t) remain to be found.
Inserting (35) into (5) and (6) and exploiting the orthonormality of {v,}, we obtain, for every k e N, the

degenerate Cauchy problem
A1) u O+ €+ A)u, 0 = {0, te (D), (36)
U (0) =9, @37)

1 1

with ¢, =J0 P(X)v, (x)dx and f, (t) =IO f (x,t)v, (x)dx . Relation (36) is a linear ordinary differential
equation of the first order that degenerates at the endpoints t=0 and t=1, because 0<a<1 and 0<b<1,
the weight 1/[t*(1-t)°] is integrable over (0,1). Dividing (36) through by t*(1—t)° and first treating the

homogeneous equation, we evaluate
tl—a

,R(1-ab;2-at),

J‘t dz _
02%(1-2)" 1-a
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l-a

with ,F () the Gauss hypergeometric function. Setting ®(t) =1t—2F1(1—a,b;2—a;t), the
—a
homogeneous equation has the solution u, (t) = A.e “***® "and (37) forces A =g, . Varying the constant

in the inhomogeneous equation, we find the unique solution of (36)-(37) to be

(et t f(z (et _
U, () =g, e R0 4 [ za(;(—z)be CHIIO-0 @] 4, (38)

As ¢+, >0 and, for t>z, ®t)-d(z)= j 's(1—s)Pds>0, both e CIO-0@I <1 znq
e +4)®M <1 hold, consequently
t (2]
u O e | +| ——dz, 0<t<l. 39
lu ®) < o | V(2 (39)
. a b ! ) 2 ! 2 .
Denoting p(t) =1/[t*(1-t)"], B, =(J0p(z)dz) <ooand Il f I sz(O,l):jop(Z) f (z)dz, appealing to
the Cauchy-Schwarz inequality one obtains
lu @) <o [+Boll f Il o) 0<t<l1. (40)
Theorem 3.1. Let ¢(x) satisfy the hypotheses of Lemma 2.5. Let f(x,t) be continuous on Q and,
for each fixed te[0,1], satisfy with respect to X the hypotheses of Lemma 2.5 uniformly in t, with
x“2[Mf]®" e L, ,(€2), assume moreover that f(x,)) is Holder continuous in t uniformly in X, so that
f, (t) is continuous and f, (z)/[z*(1—2)"] is integrable on (0,1), as required in (38). Then the series (35),

whose coefficients are given by (38), determines a solution of the problem.
Proof. It has to be shown that (35) and the series obtained from it by formal term-by-term
differentiation,

oulad =D u v (),  j=l2n-1, and (2'/ax))(x“6*"ulax’") =D u (O (x)D,

k=1 k=1

j=0,2n-1, converge uniformly on Q, and that the series

@ 1ax*")(x“0%"u/ ax?") = > u (X VEV ()" and 1 (L-1)°u, = D _t*AL-1)° U (t)v, (x) . By (40), for

k=1 k=1
(x,t) € Q, the Cauchy—Schwarz inequality gives

(< JZVT(X)[JZM . BOJ [p@3 4, sz(z)dzJ. @)
k=1 k=1

k=1

By Lemmas 2.2 and 2.3 the right-hand series converge, and so (35) is uniformly convergent on Q. As

for the series > AU, (t)v, (x) - which, by (8), stands for (8*" / &x*")(x“0°"u/ 6x*") - it is enough, in light of
k=1

(40), to secure the convergence of > 4@V, (x) and D> A M f I o v (x), the Cauchy-Schwarz
k=1 k=1 o
inequality majorizes them by

\/i PR Ji"k_(x) \/rp(z)iﬂfff(z)dz \/i"k—(’o
k=1 k=1 ﬂ’k 0 k=1 k=1 ﬂk

both of which converge by virtue of Lemmas 2.2, 2.4 and 2.5. The series therefore converges
uniformly on €, uniform convergence of the final series is a consequence of (5). The series left over are

treated in an analogous fashion. The proof of Theorem 3.1 is complete.
Theorem 3.2. The problem cannot possess more than one solution.
Proof. Assume the problem has two solutions u, (x,t) and u,(x,t), and put u=u, —u,. Then u obeys

(5) with f=0, the initial datum (6) with ¢=0, and (7). Choose T,e(0,1) and write
Qp ={(x1):0<x<10<t<T}. Multiply (5) (with f=0) by u and integrate over Q, using
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uu, = %(uz)t in the first term and integrating by parts 2n times in the spatial one - where the boundary form
disappears thanks to the combined local-and-paired relations (7), just as in Section 2 - we arrive at

%.[;Toa(l—To)buz(x,To)dx+cJ.OT°.[:u2dxdt+,[OTOJ.:X{Z:;:} :_I.[ tQ-1)° Ju* (ot

As 4 ft*(l-t)°]=at**(1-t)° -bt*@-t)**, one <can find M,=M,(ab)>0  with

1
|8,[t*(1-1)°]I< M, p, (), where we set py(t) =t*"+(@—-1)"", since a,b<1, the integrals Iota‘ldt and

1 T, ol
.fo (1-t)*?dt are finite, so p, € L,(0,1) and the right-hand member does not exceed KIO '[Ouzdxdt for a

suitable K >0. We stress that p, is the Gronwall coefficient appearing here and differs from the weight
p(t)=t‘a(1—t)‘b used earlier. Because the two integral terms on the left are nonnegative,

0 1 -
%Toa(l—To)bJ':uz(x,To)dxs K¥(T,), lIf(ro)=IOT'|.01u2dxdt, and, as T’Uo)zjouz(x,To)dx, this becomes

Y'(T,) < 2K p(Ty)¥(T,), W(0)=0, the factor 2K p(T,) being integrable over (0,1) . Gronwall’s inequality
now forces W(T,) =0, sothat u=0 on Q that is, U, =U,. The proof of Theorem 3.2 is complete.

Theorem 3.3. Let ¢(x) and f(x,t) satisfy the hypotheses of Theorem 3.1. Then the solution obeys
the estimates

lu(x, )12 <K [u PO I oy +11 (1) 12 (Q)} (42)
Hu(x,t) ) < Kl[u PPN, o+ T L“(Q)], (43)
1

Where Il p(x) Lz,r(ovl):[jo x“@?(x)dx]'?, r(x)=x“, and K,,K, are positive constants. These entail

the continuous dependence of the solution on the data ¢ and f .}
Proof. By the orthonormality of {v, } and (40), in conjunction with (p +q)* <2(p” +q?),

Nu(x )12 ;)= Zuk(t)<22[gok+8 I f N2 (01)]

Bessel’s inequality, combined with the identity Il f "iz,p @)= ZII fll izﬁ 01 (Which holds because p
k=1

depends on t alone while {v,} is orthonormal in X), delivers (42) with K, =2max(l, Bg). As for (43),
drawing on Lemmas 2.2, 2.3 and on (41) we get

Hu(x,) g < Kl{\/ J:Xa[w(Zn)(X)JZ e J Iolp(z)i sz(z)dz}
k=1

with K, = sup (ka (x)/ 4)"%, which is (43). The proof of Theorem 3.3 is complete.

XG[O l] k=1

Conclusion. Over a rectangular region we have set up and studied an initial-boundary value problem
carrying a blend of local and paired (linked) boundary conditions, for a high even-order partial differential
equation that loses its type in space at Xx=0 and in time at t=0 and t =1, and that additionally involves a
subordinate term. Uniqueness of the solution was secured through an energy-integral technique tailored to
the temporal degeneracy and rounded off with an inequality of Gronwall type. The solution itself was
constructed as a Fourier expansion in the eigenfunctions of the attendant spectral problem, whose Green’s
function was produced in explicit form - displayed in closed form for n=1 and, for n=2, through the
explicit determination of all its coefficients — shown to be symmetric, and converted into a Fredholm integral
equation of the second kind with a continuous and symmetric kernel that generates a positive-definite
operator. We isolated sufficient conditions on the data guaranteeing solvability and derived stability bounds

in the spaces L,(0,1) and C(Q).
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