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Abstract. This paper investigates the classical solvability of an inverse boundary value problem for a
time-fractional parabolic equation involving the Caputo derivative. The temperature distribution and the
unknown time-dependent lowest-order coefficient are simultaneously determined using nonlocal integral
conditions and periodic boundary conditions. By applying the separation of variables method via a
biorthogonal system of eigenfunctions and sharp estimates of generalized Mittag-Leffler functions, the
existence and uniqueness of the classical solution in Banach spaces are established.
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INTEGRAL SHARTLI KASR TARTIBLI TENGLAMA UCHUN TESKARI MASALA

Annotatsiya. Ushbu maqolada Kaputo hosilali vaqt bo ‘yicha kasr tartibli parabolik tenglama uchun
teskari chegaraviy masalaning klassik yechilishi o'rganiladi. Nofokal integral va davriy chegaraviy shartlar
yordamida harorat tagsimoti hamda vaqtga bog‘liq bo ‘Imag‘in noma’lum quyi koeffitsiyent bir vaqtning
o zida aniglanadi. O ‘zgaruvchilarni ajratish usuli va xususiy funksiyalarning biorthogonal sistemasi
yordamida Banax fazosida klassik yechimning mavjudligi va yagonaligi isbotlangan.

Kalit so“zlar:. kasr tartibli parabolik tenglama, Kaputo hosilasi, teskari chegaraviy masala, nofokal
shartlar, biorthogonal sistema, Riss bazisi, Mittag-Leffler funksiyasi, gisgarib boruvchi akslantirishlar
prinsipi.

OBPATHASA 3AJAYA JJIS1 YPABHEHUS TIPOBHOI'O ITOPAJIKA C
HUHTEI'PAJIBHBIMMU YCJIOBUSIMUA

Annomayua. B oannoii cmamve ucciedyemcs KiAcCuyeckds paspeuiumocmsv 0Opamuol Kpaegou
3a0ayu 01 napaboIuyecko2o ypasHenus OpoOHO20 NO 6peMeHu nopadka ¢ npou3eooHol Kanymo.
Oonospemenno onpedensilomcs pacnpeoenieHue meMnepamypsvl U Heu3seCmubwlll Kodppuyuenm npu
Maaouiem ieHe, 3a8UcUll Om epemeHu, ¢ UCHOIb30BAHUEM HENOKANbHBIX UHMESPANbHBIX U NePUOOUUECKUX
kpaesvix ycnoguii. C nomowwlo memooa pasoeieHus NepemMeHHblX uepe3 OUOPMO2OHANLHYIO CUCTEMY
cobCMBeHNbIX  (QYHKYUL O00KA3aHbl CYWecmeoganue U eOUHCMBEHHOCMb KIACCUYECK020 peuleHus 8
npocmpancmee banaxa.

Kntroueswle cnosa: napabonuueckoe ypasnerue 0pooHo2o nopsioxa, npouzeoonas Kanymo, oopamnas
Kpaeeas 3aoauda, HelOoKalbHble YCI08Us, OUOPMO2OHANbHAA cucmema, 6azuc Pucca, ¢ynxyus Mummae-
Jlegprepa, npunyun cocumarouux omoopaiceHui.

Introduction. Let 0 < 7" < +oc be a fixed moment of time and D, be a rectangular domain defined

by the inequalities 0 <z <1 and 0 <t <T. We consider the problem of finding a pair of functions
{u(z,t),a(t)} satisfying the following time-fractional parabolic equation:

“Diu(z,t) = u,,(2,t) + atu(zt) + f(zt), 0<a<l, . (1)
The nonlocal initial condition has the following form:
u(z,0) + du(z, T) + fOTp(t)u(x, t)ydt = p(z), 0<z<1. 2)
The boundary conditions are periodic:
u(0,t) = Bu(l,t), 0<t<T. (3)
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The nonlocal integral condition is:

1
j;u(x, Hdz =0, 0<t<T, )
and the overdetermination condition for determining the inverse problem is as follows:
u(z,,t) = h(t), =z, €(0,1). (5)

Here T' > 0,8,6 > 0 are given numbers, and p(¢), ¢(z), h(t), f(z,t) are given positive functions.

“Du(z,t) is the Caputo fractional derivative of u(x,t) with respect to time, defined as follows:
© D ) = —— [ ul,7) _dr__
Frl—a)Jo or (t—71)°
The symbol T°(") in the last equation denotes the Euler gamma function.
Definition 1 A pair of functions {u(z,t),a(t)} is called a solution to problem (1)—(5) if:

1. the function w(z,t) and its derivatives “ Du(z,t) and u_(z,t) are continuous in the domain D,
2. the time-dependent function a(¢) is continuous on the interval [0,7'];
3. the pair of functions {u(z,t),a(t)} satisfies equation (1) and conditions (2)—(5).
Then the following theorem holds.
Theorem 1 Assume that 6 > 0, p(t) € C[0,T], f(z,t) € O(Dr), o(z) € C[0,1], and
“D’h(t) € C[0,T]. Let the following equality hold for 0 <t < T':

folf(z, t)dr =0,

and let a(t) = 0 for 0 <t < T'. Furthermore, let the following compatibility conditions be satisfied:
[ etayiz =0, (6)
0

WO) + () + [ p(h(t)it = o(z,). (7)

Then the problem of finding a classical solution to problem (1)—(5) is equivalent to the problem of
determining functions wu(z,t) and a(¢) satisfying equation (1), conditions (2)—(3), and the following
relations (the case = +1 is studied):

u (0,8) =u,(1,t), 0<t<T, (8)

“DI(t) =, (2,st) + alO(D) + flz,pt). O<LET. ©)

Proof. Let the pair of functions {u(z,¢),a(t)} be a classical solution of problem (1)—(5). Integrating
equation (1) with respect to the variable = from 0 to 1, we obtain:

D [ a0 =, (1,6) =, (0,0) +at) [ ulw, e + [ f )iz (10)
Taking into account equality (6), we obtain equality (8). Evaluating equation (1) at the point z = z,,
we obtain:
“Dru(z,,t) =u_(z,,t) +alt)u(z,,t) + f(z,,t), 0<t<T. (11)
Since “ D;"h(t) € C[0, T, using condition (5) we obtain the relation:
“Du(z,,t) =" Dh(t). (12)
As a result, using relations (5) and (12), we obtain (9). Now assume that the pair of functions
{u(z,t),a(t)} is a solution to problem (1)—(3), (8), (9). Then, taking into account conditions (3) and (8),
from relation (10) we have:
CD”f]u(x t)ds = a(t)flu(z t)de, 0<t<T (13)
tJo 0o ’ - =

From condition (2), it is easy to see that:
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j;lu(x, 0)dx + 6f01u(x, T)dx + j;lfoTp(t)u(:v, t)dtdr = j;lgo(x)dx = 0. (14)

Since problem (13) and (14) has only the trivial solution, it follows that:
flu(:c,t)d:l: =0, 0<t<T,
0

which means condition (4) is satisfied.
Next, from relations (9) and (11) we find:

D (u(z,,t) — h(t)) = a(t)(w(z,,t) — h(t)), 0<t<T. (15)
According to condition (2) and compatibility condition (7), we obtain:
u(z,,0) — h(0) = o(z,) — h(0) = 0. (16)

From relation (15), taking into account equality (16), it becomes evident that condition (5) is also
satisfied.
Auxiliary Spectral Problem

Now, to investigate problems (1)—(3) and (8), we present some known facts. Consider the following
spectral problem:

X'(2)+AXX(z)=0, 0<z<l, (17)
X(0)=p6X(1), X(0)=X(1), B=+1.  (18)
Problem (17)—(18) is not self-adjoint, and the adjoint problem to this problem is as follows:
Y'(z)+AY(z) =0, 0<z<I1,
(19) Y(0)=Y(1), Y(1)=pY(0). (20)

According to the literature [1], we denote the system of eigenfunctions and associated functions of
problem (19)—(20) in the following form:

X,(r)=ar+0b, X, ()= (ax+Db)coshz, X, (r)=sin)um, (21)
Y(r)=2, Y, (v)=4cosAz, Y, (z)=4(1-b—azx)sin)z. (22)
Here
A =2kt (k=1,2,.), a:ﬂxo, R (23)
1+0 1+0
It not difficult to wverify the fulfillment of the biorthogonality conditions:

fX d:c—é

Theorem 1.1. The system of functions (21)—(22) forms a Riesz basis in the space L,(0,1), and for any
function +(z) € L,(0,1), the following estimates hold:

rll@ <D0 < RIV@IE ,, - (24)
k=0
where

0, = @), Y, @) = [P@Y, @z (h=0,1,..),

When the appropriate conditions are satisfied we establish the validity of the following estimates:

[z()‘% 2% 1 ) < 2\/_ 2| ¢2Z ” ,(0.1)° (25)
[; )\2Z ) < 2\/_ 2 || ¥ (2)(1 = b — azx) — 2aiy™ " (z) HL2<0,1> ) (26)

Furthermore, under certain conditions:
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1

[EW | <2, @)
k=1

1
00 A21+1 2 <2'\/> 27+1 1—b— _ 2 1 2
>N ,) 2 | o @)~ a(2i + 1) (@) |, (28)
k=1

Existence and Uniqueness of the Solution to the Inverse Problem
Since relation (21) forms a Riesz basis in the space L,(0,1) and relations (21)-(22) form a

biorthogonal system of functions, we seek the function u(z,¢) of problem (1)—(3), (8)—(9) in the following
form:

u(z,t) = Zuk ()X, (z), (29)
where )
uk(t):fol (@)Y ()dz  (k=0,1,2,..). (30)

Then, applying the method of separation of variables, from relations (1) and (2) we obtain the
following:

CD“u () = F(t,u,a),

(31) CDt Uy, l()4—)\2 u, (t)=F, (tua) (k=1,2,..0<t<T), (32)
CDL“ u,, (t) + Nuy, (t) = E, (t,u,a) — 2a\ u,, (1), (33)
0) + ou, (T —l—f p(t = ¢,.(34)

Solving problem (31)—(34), we arrive at the following results:
u,(t) = +—f (t—7)""F (1,u,a)dr, (35)
U2k71(t) QL 1< u )\2 “ +f ([ lE « AIqZ(t _T)(')F;kfl(’]—7 u’ a)dT’ (36)
0y, (1) = 1w, (O)F, (—X4") + [t = 7)™ B, (-N(t = 7)") (B, (7, w,0) — 20\, (DldT. (37)
u,, (1) = u, (0)E,_(=N\t") + f Y B, (<At —7)")E, (T, u,a) — 2a\u,, (T)ldT.  (38)

Here, E (2) = Eml( z),and E _(z) isthe generallzed two-parameter Mittag-Leffler function defined
by the series

o0 m

E (=S —2 a>0 R,z € C).
(%) ;F(awﬁ), (@>0,8€Rz€eC)

Using the nonlocal integral condition (34), we determine the unknown initial value coefficients. Using
the nonlocal integral condition (34), we determine the unknown initial value coefficients. Substituting
solutions (35), (36), and (37) into condition (34), we find respectively:

1 1) T o1 1 ¢ -
uo(t) = 1—1-—5 P, — @j; (T—71)"F (T u,a)dT — f p(t )dt (o) fo (t—7) E)(T, u,a)dt, (39)
_ E, (_)‘13 _ — ) 1 (T — ) . .
u2]\:—1<t) - 1+5E (_ [ f EM[( )‘1\: (T ) )szﬂ( ,u,a)d
- f Uy, ] fo (t =) B, (~N(t — 7)), (r,u,a)dr, (40)
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E ( )\2 u a X
() =T PR [«pu f p(t)u, ( f — 1) E, (~N(T —7)")E, (7, u,a)dT
+ f JUE, (<At — 7)) (ry u,a)dT + q,(t,T), (41)
where
= —2a) f Y TE, (<At — )"y, (T)dT
E (_)\2 u) T ’
+2a\, n T—71)"E (-N(T —71)")u, (7)dr. (42)
k 1+6Eﬂ(_)\:T“) f ( ) r\,(\( k( ) ) 2k71( )

Substituting the found Fourier coefficients into series (29), we obtain the form of the general solution
of the inverse problem:

u(z,t) = u (t)(az +b) +Z u,, (t)(az + b)cos A\ x + u,, (t)sin A\ x]. (43)
Now, using (9), we find the unknown coeff|C|ent a(t):
_ D h(t) — u, (2, 1) — f(3 )
a’(t) - h(t) ’ (44)
o) =105 {“D (ORD P SIMCEMMENED DML NEN —f<x0,t>} (45)
Using relations (39) and (40), we brlng (44) to the following form:
[
oft) =1 Drhlt) = flat)
E (=\1t") B oy 2y dr
DY T [ §J) @y B, N =B, (i
+f )" 1Ea . )\]f(t —7))E, (T,u,a)dT
2y E (_ u 1 2 a
+Z/\ 1—|—5E [ f p(t Qk f — E ( -\ (T —1) )sz(T,u,a)dT]
—I—f )" lEﬂ (=Xt =T)E (T u,a)dT + g, (8, T)”» (46)

Lemma 1 If the set {u(x,t),a(t)} is a classical solution of problem (1)—(3), (8), and (9), then the

functions

= u(z, )Y, (2)d,
u, (0= [ u(z, b)Y, ()dr (k=1,2,..),

u%(t):j: (@)Y, (2)dr  (k=1,2,..)

satisfy the system (42), (43), and (44) on the interval [0,7].
Corollary 1 According to Lemma 1, proving the uniqueness of the solution to problem (1)—(3), (8), (9)
reduces to proving the uniqueness of the solution to system (39), (40), (41).

To investigate problem (1)—(3), (8), (9), we consider the following function spaces: Let B;T denote

set of all functions considered in the domain D, and having the following form:

u(z,t) = u (t)(ax +b) + iu%il (t)(ax +b)cos Az + iqu (t)sin \ z, (47)
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where the functions w(t), u, ,(t) (k=1,2,...), and u,(t) (k=1,2,...) involved in the sum are
continuous on the interval [0,7'], and

| 2, ( < +o0. (48)

B oo

| 2O gy () oy |+ 22N 1) oy
k=1 k=1

The operations of addition and scalar multiplication in the space B, are defined as usual, and the

norm is defined by the following formula:

X 0 2
1 2O gy () oy |+ D2 12, (8) )2] . (49)
k=1 k=1

Furthermore, let Ej, denote the space consisting of the topological product B;J, x C[0,T]. The norm

[RZCAIN I KA

2,T

B oz +

of its element z(z,t) = {u(x,t),a(t)} is defined as follows:
I 2(z, )] , —II u(z, ) ||, A 11 al®) oz - (50)

2T

It is known that B, . and E, are Banach spaces.

In the space E; , we consider the following operator:

D(u,a) = {®l(u, a),@Z(u, a)}, (51)

where
P, (u,a) Zu (52)
P, (u,a) = d(t), (53)

and the functions 4 (t) (k=0,1,2,...) as well as the function a(t) are defined by the right-hand

sides of(38), (39), (40), and (45), respectively.
Assume that the given data of problem (1)—(3) and (5) satisfy the following conditions:

() € C*[0,1], ¢ (z) € L,(0,1), (0) = Be(1), ¥ (0) = ¢ (1), ¢ (0) = B (1) (8= +1).
o f@,t), f(2,0), f, (x,8) € C(D,), [, (1) € L(D,), £0.t) = Bf(1,t), £(0,) = £.(1,8),
[,0,6)=8f (Lt) (B=+1) (0<t<T).
* W(t),"Dh(t) € C[0,T], h(t) =0 (0<t<T).

From these assumptions, according to the properties of the Mittag-Leffler functions established in [2],
the following estimates hold:

| E (=XNt") < M, = const > 0,

1+)\t“

M
|E, (-N({t—7)) < ——>——, M, =const>0.
1 L+ N (t—=7)
Consequently, we obtain

141 (8) oo < (L +8) (10 [T PCE) ol 2 (B g )

HL+ 61+ o [ff ]

( ) ( ) HC[OA,T]H UU Hc[UAT] ) (54)
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00 5 )
ST p0) o [z 3 1)l ]
k=1

<2 Ml[ZV | @ 1)’
k=1

l

[Z O 1y, () Nl )
k=1

1
2

T o0
e+ a) T, [z e ncmf] ,
k=1

(55)

M (14 60 ) L [f 308 1) P

MT || p(t)

ﬂ

1

~ Tnf(]f)
<

T
(14 6M)x |2N2M, || " (z) [, +2v2M,(1+ 6M)
« 2

Ma

(A?’ g, () Nl 2)° 1 (2 0) Il

200 — 1

o~
Il

1

t) 1l M][f} N |y, () ]l DT])Z]Q , (56)

1 1 1

[kzx*nu ) oo ] IMI[;A L, 1)’
=1 =1

+ +M2(1+6M1)

ooz

00 2
+M1T 11P(8) lloo 1y [Z (A Ty, IICUTY]
k=1

1

: T art 5 |7
dr +—|| ) ooy | D 12D oo )
« k=1

«v,f .5

m—[fivu;k

+5M,(1+ 6M,)

B 0,4 T) g ) ] (57)

Taking into account inequalities (54), (55), (56), and (57), and based on (25)—(28), we obtain the
following estimates:

1y (8) oo 1y < AT ) | a(®) oz +C(D) [[ulz, ), (58)

2,T

< A(T) + B,(T) || a(0) [|ogo pll () [] ;- +Co(T) |l t) ||, 5 (59)

2.7 2 T

[ZA Iy () gy
k=1

o

2Oy, (8) llegy )

k=1

< A(T) + By(T) || a(t) Nl o)l wl ) (|, +C(T) [ ulz, ) ||, > (60)

2,T 2 T

where
Now, using (58)—(60), we compute the following:

laz, ) [, < A(T) + B(T) | a(t) [|ojg p/l w2 t)

where:
A(T)=A(T)+A(T)+ A(T), B(T)= B(T)+ B,(T) + B,(T),
C,(T)=C/(T)+C,(T)+C,(T).

From (45), we estimate: || a(t) ||C[0,T]

Using (57), taking into account (25)—(28), and from relations (63), the following expression follows:

16) [legg. < A(T) + By(T) || a(®) llego | wlz, ) 1], +C(T) [l 6) ], (63)

2T 2T

+CO,(T) [ u(z, )] , (61)

[
2T 2.7

From inequalities (61) and (63), we deduce the following:

la(z, )], +[1a#) oy < AT) + BT [ at) ol @l ) ||, +C(T) a2 t) ]|,

here 2 T 2,T 2,7
A(T) = A(T)+ A(T), B(T) = B,(T)+ B.(T), C(T)=C,(T)+C,(T).
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Theorem 2 If conditions (1)—(3) and the inequality
(AT)+2)(B(MAT)+2)+C(T) <1 (66)

hold, then problem (1)—(3) and (8)—(9) has a unique solution in the space E;"i under the condition
K={z2€E} |z ||E3§ R < A(T)+2}.
T

Remark 1 Inequalities (65) are satisfied for sufficiently small values of 7' .
Proof. In the space E; , we consider the following equation:
z=®(z2), (67)
where z = (u,a), and the components ® (u,a) (i =1,2) of the operator ®(u,a) are defined by the
right-hand sides of equations (51) and (52).
Consider the operator ®(u,a) in the ball K = K, of the space E;"i Using similar relations, for any

2,2, € K, we obtain the validity of the following inequalities:
lez |, < AT)+ BT) || a(®) I ll ez, )N, +CT) [z, 0) [, < AT) + BIT)(AT) +2)° + C(T)(AT) +
T

2,7 2.7

(68)

[ @z, =@z, || , < BD)R(| a,(t) = a,(t) oz + [ 0 (2,8) = wy(z,0) ||, )+ C(T) [, (2,8) —uy(z,0) | ,

T 2,T 2,T
(69)
Then, according to (66), from (67) and (68) it is clearly seen that the operator satisfies the conditions
of the contraction mapping principle on the set K = K, . Therefore, the operator has a unique fixed point

z = (u,a) in the ball K = K, which is the solution to equation (66), meaning it is the unique solution of

the system inthe ball K = K, .

3

After that, the function w(z,t), as an element of the space B, ,

is continuous in the domain D, and

has continuous derivatives u (z,t) and wu_(z,t). Furthermore, it can be verified that equation (1) and
conditions (2), (3), (8), and (9) are satisfied in the usual sense. As a result, (u(z,t),a(t)) is a solution of

problem (1)—(3), (8), and (9), and according to Corollary 1, it is unique in the ball K = K, .

The following statement follows directly from Theorems 1 and 2.
Theorem 3 Assume that all conditions of Theorem 2 and the compatibility conditions

1 T
[ e@dz =0, h©)+5h(T)+ [ p(t)h(t)dt = e(z,)
are satisfied. If the conditions
fglf(ac,t)dx =0, 0<t<T

hold, then problem (1)—(5) has a unique classical solution in the ball K = K, .
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