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Abstract. This article studies the main analytical properties of a new three-variable Mittag-Leffler
type function. The convergence domains of the corresponding triple power series are determined. The
convergence analysis is carried out based on Horn's convergence theory and the asymptotic properties of the
gamma function for large arguments. Twenty-seven different combinations of parameters are considered,
and for each case necessary and sufficient conditions for the absolute convergence of the series are
established, along with some particular cases of ML. The obtained results enrich the theory of fractional
differential equations and provide an effective analytical basis for investigating problems involving the
Prabhakar fractional derivative.
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O CBOMCTBAX CXOJUMOCTH HOBOM TPEXITEPEMEHHOMN ®YHKIIUU TUITA
MUTTATA-JTED®®DJIEPA

Annomauusa. B 0annotl cmamve ucciedyiomest OCHO8Hble aHATUMUYecKue C8olUCmea Ho8oU QYHKyuu
muna  Mummae-Jlepgprepa  om  mpéx  nepemenmvix.  Onpedenenwvi  obnacmu  CXOOUMOCHU
COOMBEMCMEYIOuec0 mpouH020 CMeneHHo20 psod. AHanu3 cxo0uUMOCmU NpPOGeOéH HA OCHOBE Meopuu
cxooumocmu XopHa, a makxodice ACUMAMOMUYECKUX CE0UCME 2AMMA-QYHKYuU npu OOIbUUX 3HAYEHUSX
apeymenmos. Paccmompenvt 0sadyams cemv paznuunblx KOMOUHAYUL NAPAMEMPOs, U OJisL KadcO020 CIY4asl
VCMAHOBNIEHbL HeoOX00uMble U O00CMAMOYHble YCI08USL AOCOMOMHOU CX00UMOCmMU padd, a makdice
npueedenvl Hexomopwvle uacmuvle cayuau ML.  Tlonyuennvie pesyrbmamvl  OONOJHAIOM  MEOPUIO
oughghepernyuanvhvlx ypasHenuti OpobHO2O0 NOPAOKA U NPEOCMAGIAIOM IPDEKMUSHYIO AHATUMULECKYVIO
OCHOBY 015 UCCTIe008AHUsL 3a0at, GKIIOHAIWUX OpoOHYI0 npou36oonyio [Ipabxakapa.

Knroueswvie cnosa: ¢pynxyus Mummaea-Jlegpprnepa, mpéxnepemenuas gpyukyus, OpooHoe ucyucieHue,
npouzgoouas Ilpabxaxapa, mpoiuHOU cmeneHHou psad, 00AACMb  CXOOUMOCMU, 2aAMMA-QYHKYUS,
cneyuanbHvle yHKYUU.

YANGI UCH O‘ZGARUVCHILI MITTAG -LEFFLER TURIDAGI FUNKSIYANING
YAQINLASHISH XOSSALARI

Annotatsiya. Ushbu maqolada yangi uch o ‘zgaruvchili Mittag-Leffler turidagi funksiyaning asosiy
analitik xossalari o ‘rganilgan. Mos uch karrali darajali qatorning yagqinlashish sohalari aniglangan.
Yaginlashish tahlili Hornning yaginlashish nazariyasi hamda gamma-funksiyaning katta argumentlardagi
asimptotik  xossalaridan foydalanish asosida amalga oshirilgan. Parametrlarning yigirma yettita turli
kombinatsiyasi ko ‘rib chigilgan va har bir holat uchun gatorning mutlaq yaginlashishi uchun zarur va
yetarli shartlar aniglangan, hamda MLning ba’zi xususiy hollari keltirilgan. Olingan natijalar kasr tartibli
differensial tenglamalar nazariyasini boyitadi hamda Prabhakar kasr hosilasini oz ichiga oluvchi
masalalarni tadgiq etishda samarali analitik asosni taqdim etadi.

Kalit so‘zlar: Mittag-Leffler funksiyasi, uch o ‘zgaruvchili funksiya, kasr tartibli hisob, Prabhakar
hosilasi, uch karrali darajali gator, yaginlashish sohasi, gamma-funksiya, maxsus funksiyalar.

Introduction. It should be noted that, numerous studies have investigated special functions of three

variables. For instance, the bivariate and IEE(S) (X, y,z) trivariate Mittag-Leffler (ML)-type functions were

introduced in [1], where their properties were examined and their application to a generalized telegraph
equation involving the regularized Prabhakar derivative was demonstrated. In [2], confluent three-variable
hypergeometric functions and their fundamental properties were explored. Furthermore, several additional

three-variable ML-type functions were proposed in [3] and [4]: ﬁf) (X, Y, Z), |EE§3) (X, Y, Z), IEC(S) (X, Y, Z) ,
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= " (5.0)

I:D (X’ y’ Z) and E(al,ﬂl,yl,é),(az,ﬂz,yz,52),(a3,ﬁ3,73.§3) (X’ Y, Z)’ E(alyﬂlv}llydl),(azvﬁ2172152)'(a31ﬂ3173153) (X’ Y, Z)
(P.QR)

E(al,ﬂl,}/l,ﬁl),(az ,ﬁ2,72152)-(0!3ﬁ3,73y53) (X’ y’ Z)’

the latter being applied to coupled systems of linear constant-coefficient fractional differential

and studied in [5]. Additionally, learn the Els[

]functions with three

X,y _—
and quadrivariate

equations with Caputo derivatives. The three-variable ML-type function Eﬁ,’,’},m(x, Y, Z) was introduced
0531ﬁ2’53;0‘4’54;055'55;:33'56; y

parameters that were covered in [6]. In [71, new trivariate

Ay, P V21033 s Oy s, Os; P, O3 731 075

A, P11 710137261, 655
4E1

Mittag-Leffler-type functions were introduced, and their fundamental analytical properties were
investigated. In particular, their regions of convergence, integral representations, and explicit estimates were
functions to the study of a partial differential equation was demonstrated. In [8], a new trivariate

@y, 0, fh, 0150y, 05,07,
3El

&y, B, 6y, ¢y, Oy X
[O‘l’ﬂl’é‘l;ﬂw?ﬁ’é‘z;
3E13
X;y
Ay, P V306,05, 74: 04303, 055 P, 5 Vs, 67305, 53| T3
studied. Several notable special cases were also obtained. Furthermore, the applicability of the proposed
Oy, 03 Ly, 03304, 04, 04, Us, O 05, O fg, Oy

X; y;Z]Mittag-Lefﬂer-type function was introduced

and a Cauchy problem was solved using this function. In [9], an integral representation of this function was
obtained, while in [10], an estimate for the function was established. However, its region of convergence has
not been investigated. In this paper, we establish the region of convergence of this new trivariate Mittag—
Leffler-type function and present several corresponding cases and particular cases.
New trivariate Mittag-Leffler-type function
Let us, recall a trivariate ML-type function investigated in [8].
Definition 2.1.

Let the assume that, x, y, z, &, 9, 4,0, €R; min{e,,5,, ,0,} >0, (I =15,1=13, n:l,?j

X;Y;Zj=

& T(am+6,j+uk+0,)C(a,m+6,j+0,)
niro D (am+6,j+ wk+0,)T (am+6,j+0,)

.Then the new trivariate ML-type function was defined as follows:
£ a,, 0, [y, 0,50,,0,,0,;
371 . . . . .
Q3,03 ly, 04,04, 0,,0,,05,05, 05, O, [y, Oy,

my,jok
x e . (1)
I(asm+o5)T (6 j+0,)T (mk+o7)
Now, we are going to determine convergence areas of the function (1) by using the Horn method
which used in [11]. The triple series in (1) converges absolutely for |x|< p,, |y|< p, and |z|< p,, if
A, =0,A,=0, A, =0 as described in

p. = min (E,), p, = min (E,), p3=nTir30(E3), nv,&>0

n.v,&>0 n,v,&>0

where A, =a,+a,+a,—a,—a,, A, =0,+0,+0,—0,—0,, Ay =1, + 11, — 14, .

Then, we obtain

s (05377 +0,V + /Jz‘f)a3 (a477 + 54‘/)0‘4 (as )DC5
(e +6v+ &)™ (an+5,v)"

E. =7
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% (0{377 +0,V + /uzé:)a3 (a477 + 54‘/)()4 (55 )é5 _em (a377 +oV+ /lzg)ﬂz (/us)
E2 =V S S, ! ES - g
(0‘177"'51‘/"'/*‘15) ' (0!277+§2V) ‘ (05177"'51‘/"',‘11‘):::)/11
respectively.
Theorem 2.1. Let A, A,, A, be the quantities defined above. Then the series associated with the

trivariate Mittag-Leffler-type function converges absolutely according to the following cases:
Casel.Let A, >0, A, >0,A,; > 0. Making use of equations (3)-(6), we obtain

¢ (v, &)= !I—[E f (vt &t)=0, ¢,(n,v.&)= !I_To f,(mt,vt,ét) =0,
¢, (n,v,&)= !L”Q f,(nt,vt,ét) =0,
Thus p,, p,, p; = o0, and the series converges absolutely for any x,y,z.
Case 2. Let A, =0, A, =0, A,=0. It follows from equations (3), (4), (5), and (6) that
1 1 1
Vs =, WV =—, WV =,
¢1(77 95) E, ¢2(77 5) E, ¢3(77 5) E

3
which yields the parametric form of curve C shown in the (p,, p,,p;) - plane as p, =G, p, =G,

H3

and p, =G,. Hence, absolute convergence of the series is ensured for |x| < p,, |y|< p, and|z| < p,, with
A= I (E). 22 = i (E2) and o = i ()

Case 3. Let A; <0, A, <0 and A, <0. The series diverges for p, = p, = p, =0. Convergence
of the series occurs exclusively at the point X=Y=2=0,

Case 4. Assume that A; =0, A, >0 and A, >0. The series converges uniquely at the point
IX| < o1, |y|< o0 and|z| <oo.

Case 5. Suppose that A, >0, A, =0 and A, =0. The series is convergent solely at the point
|X| < o0, |y|< p,and |z < p;.

Case 6. Let A, >0, A, >0 and A, =0. Thus, the series converges the absolutely in the domain
where |x| <o, |y|<ooand |z| < p;.

Case 7. Let A, >0, A, >0 and A, <0. Thus, the series converges the absolutely in the domain
where |x| <o, |y|<oand z=0.

Case 8. Let A, >0, A, <0 and A, >0. Thus, the series converges the absolutely in the domain
where |x| <o, y=0and |z| <oo.

Case 9. Let A, >0, A, <0 and A, <0. Thus, the series converges absolutely for |x| <o, y=0,
z=0.
Case 10. Let A, >0, A, <0 and A, =0. Thus, the series converges absolutely for |x| <o, y=0,
|| <5 -

Case 11. Let A >0, A,=0 and A,;>0. Thus, the series converges absolutely for
|X| <0, |y|< o, |2 <oo.

Case 12. Let A; >0, A, =0 and A, <0. Thus, the series converges absolutely for
|X| <o, |y|<p,, 2=0.

Case 13. Let A, <0, A, >0 and A, > 0. Thus, the series converges absolutely for x =0, |y| <0,
|z| <o

Case 14. Let A; <0, A, >0 and A, <0. Thus, the series converges absolutely for x =0, |y| <0,
z=0.
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Case 15. Let A; <0, A, >0 and A, =0. Thus, the series converges absolutely for x =0, |y| <,
|| < 5 -
Case 16. Let A, <0, A, <0 and A, >0. Thus, the series converges absolutely for X=0,y =0,

|z| <o

Case 17. Let A, <0, A, <0 and A, =0. Thus, the series converges absolutely for X=0,y =0,
|z| <5 -

Case 18. Let A, <0, A, =0 and A, > 0. Thus, the series converges absolutely for x =0, |y|< p,
) |Z| <00 .

Case 19. Let A; <0, A, =0 and A, <0. Thus, the series converges absolutely for x =0, |y| < p,
y2=0.

Case 20. Let A, <0, A, =0 and A, =0. Thus, the series converges absolutely for x =0, |y|< p,
y 2=0.

Case 21. Let A, =0, A,>0 and A,<O0. Thus, the series converges absolutely for
IX|< o |y| <o, 2=0.

Case 22. Let A, =0, A,>0 and A,=0. Thus, the series converges absolutely for
IX|< o0 Y] <o |z]<ps5-

Case 23. Let A; =0, A, <0 and A, > 0. Thus, the series converges absolutely for |x| < p,, y=0
) |Z| <o0.

Case 24. Let A, =0, A, <0 and A, <0. Thus, the series converges absolutely for |x| < p,, y =0,
z=0.

Case 25. Let A, =0, A, <0 and A; =0. Thus, the series converges absolutely for |x| < p,, y=0,
|z| <5 -

Case 26. Let A =0, A,=0 and A,;>0. Thus, the series converges absolutely for
X< o Y| <P |2 <00

Case 27. Let A =0, A,=0 and A,;<0. Thus, the series converges absolutely for
X <p, |Y|<pp 2=0.

It should be noted that the results for the remaining cases can be derived from these twenty seven
cases.

Proof. Following Horn's approach [11], we determine the convergence region of the trivariate
Mittag-Leffler-type function ,E, (.).To simplify the notation, let the following expression be denoted by

A(m, j,k):
C(am+6,j+ uk+0,)T (a,m+6,j+0,)

A(m, j,k)= - - -
(m. j.k) I(am+6,j+ mk+0,)I (a,m+6,j+0,)T (asm+0,)I () +0, )T (1:k+0;)
,(2)
We introduce the following notations:
) A(m+1, j,k) i A(m, j+1,k) A(m, j,k+1)
f,(m jk)=————--—+=, f,(m jk)=——7-——=, (M, jk)=————F=. (@3
(mJ.k) A(m, j,k) (M. J.k) A(m, j,k) (M. J1k) A(m, j,k) ©

Using the notations, we obtain f (m, j, k), f,(m, j,k) and f,(m, j,k):

£(m, jk)= I(am+6,j+wk+o,+a)T(a,m+6,j+0,+a,) y

I(am+6,j+wk+o,+a;)T(am+6,j+0,+a,)
X L . X
['(asm+o0,+05)T (6 j+06)T(k+0;)
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XF(a3m+53j+/,12k+0'3)F(a4m+§4j+a4)XF(a5m+0'5)F(55j+0'6)F(y3k+a7)
C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

T(am+6,j+uk+o,+a,)T (a,m+8,j+0,+a,)
~ D(am+6,j+uk+o,)C(e,m+6,j+0,)

T(am+8,j+ wk+o0,)T (a,m+6,j+0,)T (asm+oy)
T (aM+3,j+ Kk +0, + o)L (a,m+6,j+0, +a, )T (esm+0, +0at )
similarly, we define

f,(m, j,k)=

I(am+6,j+uk+o,+6,)T (a,m+6,j+0,+6,) y

I(a;Mm+6,j+ Kk +0o,+6,)(a,m+6,j+0,+3,)

X - ! X
[(asm+o0, )T (8 )+0s+ 6 )T (1k+07)
XF(a3m+53j+,u2k+0'3)1“(a4m+§4j+O'4)XF(0{5m+0'5)F(55j+0'6)1“(,u3k+07)

C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

_ F(a1m+51j+ylk+al+5l)l“(a2m+52j+02+52)X

I(am+6,j+uk+0,)T(a,m+6,j+0,)
y I(am+6,j+ mk+0,)T (am+68,j+0,)T(5]j+0;)
I(am+6,j+ mk+0,+38,)T(am+38,j+0,+8,)T(Sj+0,+5)
in the same manner

f,(m, j,k)=

C(am+6,j+uk+o,+ ) (a,m+6,j+0,) y
I(am+8,j+ K +0,+ 1,)T (a,m+6,j+0,)
y 1

['(asm+0, )T (8 j+05 )Tk + 0, + 143)

X

XF(a3m+§3j+y2k+0'3)1“(a4m+§4j+a4)XF(a5m+0'5)F(55j+0'6)F(y3k+07)
C(am+6,j+uk+0,)T(a,m+8,j+0,) 1

I(am+6,j+ k+o,+ 1 )T (a;m+ 6, j + .k + 0, )T (1k +0y)
C(oym+6,j+ k+0,)T(am+68; j+ ok + o0y + 14, )T (1K + 05 + 115) '
Then, we have

f.(nt,vt,ét) =

T (ot + 6yt + puét+o,+ o )T (ant +S,vt+ 0, + )
X

I (gt + vt + pwét+o, )T (ant+S,vt+0,)
T (agnt+ 6t + wét+ o, )T (aynt + St + 0, )T (agnt + o)

X

T (et + vt + pét+ oy + )T (amt + Spt+ o, +a, )T (gt + oy + o)

[ (gt + oyt + wét+o,+6,)T (gt +S,vt+ 0, +6, )

f, (gt vt,t) =
2(77 v f) F(Ollﬂt+51Vt+M§t+01)r(a277t+52‘/t+02)

y I (ant+ St + pét+ 0, )T (et + Syt + 0, )T (St + o)
L (gt + St + w,ét+ 0, + 8T (et + Spt+ 0, +3,)T (St + o5 +35) |

£ (vt &) [ (gt + ot + pét+ oy + )T (agnt + Syt + ,ét+ 0, )T (ét + o)

lV ) = .
3\ I (et + ot + et +0, )T (et + Syt + p,ét + oy + 1, ) T (pEt + 0, + 115)
Using the asymptotic properties of the Gamma function for large arguments given in [4],

C(z+a) 4. (a=pB)(a+p-1) 2 <
m~z {1+ > +0(z )} larg(z)|< 7.,

we obtain
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(am+ 6y + &) (am+6,v)*
(o + 0+ 1,8)* (et +3,v)™ (asn)”

f, (vt &) — e omeas

fl(nt,vt,gt)~Eit‘A1, A=, +o,+a,—a—a,, 4)
1
E =y (an+ 0+ 1,E) " (am+6,v)* (ag)” G - (a3)" ()™ (a5)™
' (e + 6y + 1) (an+5,v)" ' ()" ()"

likewise we define
8 5,

(o +6v+ ,ulf) (an+6,v)
(o + 8y + 1,E)" (an +6,v)™ (6v)

1.
fz(nt,vt,gt)~E—t Y A, =8,+8,+6,-6,-6,, (5)

2

f2 (ﬂt, VL, gt) — 9270705

[

5 (a377+53v+u2§)53 (am+o,y)" (55)55 s (53v)§3 (8,)" (55)'35

E, =v - , )
? (e + 6y + &)™ (an +6,v)” ? (8,)(5,)"

analogously, we define

f3(77t,Vt,é:t)—)t'u1_'uz_'u3 (05177+§1v+,u1§)”1 , f3 (ﬂt,Vt,ét)"'it_As,
(a377+53v+,uz§)”2 (ys(f)”3 E,

Ay =ty + g — 1y, (6)
(0‘377 +0,v + ﬂzé:)#z (:ua )#3 (/’12 )”2 (/13 )y3

E3 - é:ﬂs H ! 63 - M
(0(177+§1V+,ul§) (ﬂl)
Theorem 2.1 is proved.
Now, we present some particular cases of the trivariate ML-type function.

2.1. Particular cases
For a,,a,,a;,0,,0,,0,,0,,0,, 1, 4, >0, 0,=0,=0,=0, =1,

0,0,0,10,0,1; xy;z|=E, . (X)E; . (Y)E, . (2)
31 0,010’1;0’0’1;a5165;55,0-6;ﬂ310-7; ’y’ T Tas,05 05,06 y H3,07 .

For o, 0,,05,0,,0,,0,,05, 14,4, >0, 0, =0,=0,=0, =1,
0,0,0,1,0,0,1,
X;y;z|=E _ (x)ei” E _(z).
3 1(0,0,0,1;0,5411;a5;65;551(76;ﬂ3107; y ] aS’US( ) 541_55(y) #3:‘77( )
For a,,,05,0,,0, >0, 0,=0,=0,=0,=9, =1,

0,9,,14,10,6,1% o, 14,1,6,,1;
B K¥i7 | =B, (E,|
0,8, 14,1,0,1,0,;5,0%;0,1; 145, 0; e O3 1y, 1,045 145, 0;

For a«,,2,,0,,6,,0;,0, >0, 0,=0, =1,

[al,O,,ul,al;0,0,l;
3

y
|
&, 1,0,
xy;z|=E E|
13,0, 1, 05,0,0, 5,25, 043 8, 0,033 J s (Y) 8(

A3, Hys O35 A, O, Mg, O,

y
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