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Abstract. We study the spectral properties of the operator H, ,...(K), K is the total quasi-
momentum, corresponding to a system of two particles with on-site, nearest-neighbor, and next-nearest-
neighbor interactions along the coordinate axes on the three-dimensional lattice, with the strengths u4, i,
and us, respectively. For K = 0, we identify an invariant subspace of the operator. On this subspace, the
restricted operator depends only on the parameters u, and u;. We determine the number of its eigenvalues
lying below the essential spectrum. In particular, the (u,,us)-parameter plane is partitioned by two
hyperbolic curves into three unbounded regions, in each of which the number of eigenvalues below the
essential spectrum remains constant and equals 0, 1 or 2.
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CHEKLI TA’SIR RADIUSIGA EGA IKKI ZARRACHALI SHREDINGER
OPERATORINING SPEKTRAL XOSSALARI

Annotatsiya. Biz uch o ‘lchamli panjarada koordinata o ‘qlari bo ‘ylab nuqtada, eng yagin qo ‘shni
tugunlar va keyingi eng yaqin qo ‘shni tugunlarda mos ravishda u, U, va us kuchlar bilan ta’sirlashuvchi
ikki zarrachali Shredinger operatorining spektral xossalarini o‘rganamiz. K = 0 hol uchun berilgan
operatorning invariant gism fazosi aniglangan. Bu gism fazodagi operator toraytmasi fagat u, va us
parameterlarga bog’lig. Biz ushbu operator toraytmasining muhim spektrdan pastda joylashgan xos
giymatlari sonini aniglaymiz. Xususan, ikkita giperbolik egri chiziq (u,, u3)-parametrlar tekisligini uchta
chegaralanmagan sohaga ajratadi. Har bir sohada muhim spektrdan pastda joylashgan xos giymatlar soni
o ‘zgarmas bo ‘lib, mos ravishda 0, 1 yoki 2 ga teng.

Kalit so“zlar: ikki zarrachali sitema, Shredinger operatori, muhim spektr, xos giymatlar, Fredgolm
determinanti, spektral tahlil.

CIIEKTPAJIbHBIE CBOMCTBA IBYXYACTHYHOI'O OITEPATOPA IIPEJUHI'EPA C
B3AUMOJIECTBUSIMHA KOHEUHOTI'O PAJIMYCA

Annomayusa. Hccneoyiomes: cnexmpanshvie ceoticmea onepamopa Hy .. (K), 20e K- nonnviii
K8A3UUMNYTILC, COOMBENMCMBYIOUe20 CUcmeme 08yX 4acmuy ¢ 00HOY3EIbHbIM 83AUMOOEUCMBUeM, d MaKdice
63AUMOOCUCMBUAMU  MENHCOY  OMUNCATIUUMU U CLEOVIOWUMU  3d  OIUNCAUUUMU — COCeOSIMU  80O/Ib
KOOPOUHAMHBIX OCell ¢ UHMEHCUBHOCMAMU [y, Uy U [z coomeemcmeenno. Ilpu K =0 ewidensemca
UHBAPUAHMHOE NOONPOCMPAHCMEO onepamopa. Ha smom noonpocmpancmee cydcenue onepamopa
3a8uUcum MoabKO OMm nNaApamempos [y u fs. Onpedensemcs Yucio e2o0 coOCMBEHHbIX 3HAYEHUU, TeHCaUUX
HUJICe CcyujecmgeHno2o cnekmpa. B uacmuocmu, ninocxocms napamempos (U, Uz)-pazdousaemcs 08yms
2UnepooIUNeCKUMY  KPUBLIMU HA MPU HeOSPAHUYeHHble 00aacmu, 6 KancOoUu U3 KOMOPbIX HUCILO
COOCMBEHHBIX 3HAYEHU, JIeHCAUUX HUICE CYUWECMBEHH020 CReKmpa, ocmaémces nocmosuHbim u pasro 0, 1
wiu 2.

Knwuesvie cnosa:  o0gyxuacmuunas —cucmema, pewémyamulti  onepamop  Llpéouneepa,
CYUeCmeeHHbI CNeKmp, coOCmeeHHble 3Hauenus, onpedeaumens OpedeoibMma, CReKMPATbHbII AHATU3.

Introduction. The spectral analysis of lattice Schrodinger operators is a central topic in
mathematical physics. As discrete analogues of continuum Schrdodinger operators, lattice Hamiltonians
provide an effective framework for studying spectral transitions, threshold effects and bound states; see, e.g.,
[1, 2].

Few-body lattice Hamiltonians with finite-range interactions can often be treated as finite-rank or
compact perturbations of the free lattice Hamiltonian. This allows many spectral problems to be reduced to
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finite-dimensional matrix-valued functions and Fredholm determinants. Such methods have been
successfully applied to two- and three-particle lattice systems in [3, 4, 5, 6, 7, 8, 9].

Unlike the continuum case, lattice Hamiltonians are neither rotationally invariant nor unbounded,
and their dispersion relations generate finite spectral bands. This leads to new spectral phenomena, most
notably the possibility of bound states not only below but also above the essential spectrum, as observed in
[5, 10].

In this paper, we study the three-parameter family of two-particle lattice Schrédinger operators

Hﬂ1#2#3 (K) = Hyp (K) + Vlh#z#s’
acting in L2¢(T?%), where K € T? is the total quasi-momentum and Vi, u,u, describes on-site (u,), nearest-

neighbor (u,), and next-nearest-neighbor (u3) interactions.
For K = 0, the operator has an invariant subspace and we determine the number of eigenvalues of

the restriction of H, ,,,.(0) to this subspace, lying below the essential spectrum. In particular, this

restriction depends only on p, and us.

We show that the parameter plane (u,, 43) is partitioned by two hyperbolic curves into regions with
a constant number of eigenvalues below the essential spectrum.

These results extend earlier one- and two-dimensional studies [11, 12] to the three-dimensional case.
Moreover, in [13], the discrete spectrum of the same operator was studied in another invariant subspace.

The paper is organized as follows. Section 2 introduces the model and describes its essential
spectrum and symmetry reduction. In Section 3, the Fredholm determinant and its threshold asymptotics are
studied. The main spectral results are proved in Section 4.

Hamiltonian of a two-boson system on the lattice Z3
2.1 The position-space representation

Let Z3: = Z X Z x Z be the three-dimensional integer lattice and let £25(Z3 x Z?) denote the Hilbert
space of square-summable symmetric functions on Z3 x Z3. We study two identical spinless bosons on the
three-dimensional lattice Z3 with finite-range pair interactions supported on the on-site, nearest-neighbor,
and next-to-nearest-neighbor sites along the coordinate axes, with coupling constants uy, u,, and us,
respectively. The corresponding Hamiltonian in the position-space representation is introduced on £%5(Z3 x
Z3) as

. ]HIH1H2H3 = Ho + Vlhllzlls’ Ha, b2, i3 € R.
Here, H, denotes the Hamiltonian of the corresponding non-interacting two-boson system:

(Hof)(x1, %) = Z E0x —Nf (O, x2) + Z E(xy — M (x1,y), x1,%, € I8,

VETL3 VEL3
where
6 if|s| = 0,
é(s) = (—1 if|s| = 1,
0 if|s| > 1,

and |s| = |sy| + |s;| + |s3] for s = (sq,s,,53) € Z3. The interaction operator “7#1#2#3 acts as multiplication
by a function 9, ,,, ., (),
(Vﬂ1ﬂ2ﬂ3f)(x’ y) = ﬁﬂlﬂzyg x=»fy),
where
p |x| =0,
b2 x| =1,
us x €{(£2,0,0),(0,+£2,0),(0,0,%+2)},
0 otherwise.

Dy s (X) =

2.2 The quasimomentum-space representation.

By T2 we denote the three-dimensional torus, T3 = (R/27Z)® = [—m, m)3. The torus T2 coincides
with the Pontryagin dual group of Z3, equipped with the Haar measure dp. Let L%(T3 x T3) be the Hilbert
space of square-integrable symmetric functions on T3 x T3. Let F denote the standard Fourier transform
from £2(Z3) to L2(T?),
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o 1 N .
FH@) =— ) fwePr,  peT,
(2m)2 xeuz3
where p - x: = p1x; + pox, + p3x3. Its inverse is given by

1 )
FHE) =——=| flp)e P> dp.
(2m)z T
Under the unitary map F @ F, the Hamiltonian becomes
. . H#1H2ﬂ3_: : (? ® ?)H#1#2#3 (‘T ® ‘7:)_1: = Ho + vﬂ1ﬂ2ﬂ3'
The free Hamiltonian is the multiplication operator:

Hof (0, q) = [e(p) + e(@]f (v, @),

where

3
e(p):= ZZ (1 —cospy), p = (p1,p2ps) €T3,
i=1
is the dispersion relation of a single boson.

The interaction V,,_,,. .. is given by

1
VoS (0, @) = wa Vpapous @ —Wf (W, p + q —wduy,

where v, ... 1S the Fourier transform of 9, ,,_,...: ;

Vi, po s p) = uy + 2u, Z cosp; + 25 Z coSs2p;.

=1 i=1
2.3 Decomposition with respect to the total quasimomentum

Introducing the total quasimomentum
K:=p+q €T3,
we obtain the von Neumann decomposition
®

]HIH1H2H3 = -[11‘3 H#1#2#3(K) dK.

Define the unitary map
© K K
Y: L2S(T3 x T3) —» L>*#(T*)dK, (YK, k):=f (E + k,E — k),
T3
where k € T? is the relative momentum. The fiber operator H,,
on L%¢(T3) of the form

s (K), K € T3, s a self-adjoint operator

Hll1l12l13 (K):= HO(K) + %1#2#3'

where
3 K,
Ho()N)®) = Ec)f ?),  Ex(P):= 42 (1 = cos—" cosp;)
and =
(Ve )®) = 55 J1a F(@)dq + 523, cosp; [z cosqif (q)dq L)

3

U3
+mz cos2p; f cos2q;f(q)dq.

=1 T3

Both the operators Hy(K) and V), which is a rank-seven operator, are bounded and self-adjoint.

1H2H3"

2.4 The essential spectrum of the fiber Schrodinger operators

Depending on 4, 4y, 43 € R the rank of V, . ... varies but never exceeds seven. Hence, by the

classical Weyl theorem (see [14, Theorem XII1.14]), for any K € T3, the essential spectrum
Oess (Hy, i, u; (K)) of the fiber Schrédinger operator H, ., .. (K) coincides with the spectrum of Hy (K):
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Uess(Hu1u2u3 (K)) = a(Ho(K)) = [Emin(K), Emax (K],

where

3
| K
Emin(K): = min Ex(p) =4 )" (1= €057 = Ein(0) = 0,

i=1

3
K.
€. (K): = max Eg(p) = 42 (1 + 05 =) < €104 (0) = 24
peTs3 - 2

i=1

2.5 Invariant subspace of the lattice Schrodinger operator H,, ,,,,,.(0)

Lemma 2.1 The subspace L>*™(T?) c L*>*(T?) is invariant under H,_,,,.(0), where

L2*™(T?) = {f € L**(T%): f(p1,p2,03) = f02,0103),  f=fit+fa
fi(P1,P2,03) = —f1(P3, P2, P1),  fa(P1, P2, P3) = —f2(P1, D3, P2)}-
(0) onto this subspace is:

Hyyps (0): = Hyy g |1 2em 3y = Ho(0) + Vg,

The restriction of H,, ,,, Us

with
Vious' = Vi ppus lL2emerey = po(ai™,)ag” + pz(az’,)az’,
where
cos(np,) + cos(np,) — 2cos(nps)
,n

Proof. Let f € L>®™(T3). Since H,(0) is the multiplication operator by the symmetric function
Eo(p) under all permutations of (py, p,, p3), it follows immediately that the subspace L™ (T3) is invariant
under H,(0).

We now consider the operator V, ,.,... We know that f is symmetric under the transposition p; <
p, and f = f; + f,, where f; and f, are antisymmetric with respect to the transposition p; < p; and p, <
p3, respectively. Therefore,

=1,2.

| raa=o.

Using the symmetry property of f, we obtain

Jps cos(nq1)f(9)dq = [} cos(ngz)f(q)dg, n =12, 2
Moreover, the antisymmetry properties of f; and £, imply that
[ costmavr@da =0, [ cosmanfi@da=0, n=12.

T T
Using these equalities together with the decomposition f = f; + f, and the antisymmetry properties of f;

and f,, we obtain

Jps cos(ngs)f(@)dq = =2 [}; cos(nqy)f(q)dq, n =12 3
Substituting the identities (2) and (3) into the definition of 1, ,,_ .., we obtain
(Vispousf) (@) = 55 (cospy + cosp, — 2c0sp3) [ €0sq1f(q)dq (4)
u
+,-3(c0s(2py) + cos(2p;) — 2€05(2p3)) f cos(241)f (9)dq.
T3

Since cos(np;) + cos(np,) — 2cos(np;) € L2¢™M(T3), n = 1,2, it follows that L>®™(T3) is invariant
under V, .- Thus, the subspace L*>*™(T3) is invariant under H, , ,.(0) = Ho(0)+ Vo 1ps-
Furthermore, the relations (2) and (3) yield

1
| costanfiaxia = ¢ | (cos(nar) + cos(naz) ~ 2cos(nas)f (@)

Combining this identity with (4), we obtain the restriction V), of V, ., onto L2em(T3):

Vizus @) = a2 (at™, fag (p) + sz’ faz' (p). (%)
Therefore,
Hﬁrgﬂs (0) = Ho(0) + Vlgllis'
This completes the proof. m
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Lippmann-Schwinger operator and asymptotics of its determinant

3.1 The Lippmann-Schwinger operator

For z € C\[0, 24] we define the Lippmann Schwinger operator (see, e.g., [15]) as

#2#3 0,2) = #2#3R0 (0,2),
where Ry (0, 2): = [H,y(0) — zI]™%,z € C\[0, 24], is the resolvent of the operator H,(0).

Lemma 3.1 Let u,, uz € R. Anumber z € R\[0,24] is an eigenvalue of the self-adjoint operator
Hj,..(0) if and only if z is a zero of the function
L 1+uzaq11(2) wpza2(2)
oty (2): = detll = B, (0,2)] = 2a12(Z) 1+ pzaz,(2)l
where

o' (e (p)dp .
a;j(2): = [is T])—Z’ Lj=12 (6)

Proof. Let z € R\[0,24]. The eigenvalue equation
Hyyu, (0)f (p) = zf (p)

is equivalent to the Lippmann-Schwinger equation
fz(p) = —Ro(0,2)V5,, f ().
Define g,:=V0.f: = lec1(Dai” + uzc(2)az’, with ¢; = (fy,af"), i = 1,2. Substituting g, into
Lippmann-Schwinger equation yields
which reduces to a 2 x 2 homogeneous linear system for (c1(2), c2(2)):

(1 + ppa11(2))c1(2) + uzaq2(2)cz(z) = 0
<M2a12(z)cl (2) + (1 + uzaz,(2)c2(2) =0 (7)

The system (7) has a non-trivial solution ifand only if A, ,,.(z2) = 0. m

Proposition 3.2 Let a;;(z), i,j = 1,2 be defined by (6). Then the following properties hold:
« All functions a;;(z) are real-valued and analytic in R\[0,24].

* The functions a;;(+),i,j = 1,2 are strictly increasing on the interval (—oo, 0], and satisfy:
a;j(z) >0, a11(2)az(z) —ai,(z2) >0 for z<0,
where aij (0) = IZI%I(’)laU (Z)
* The following asymptotic relations hold:
al-j(z) = Cll](O) + 0(|Z|), zZ0.

Proof. The proof of Proposition 3.2 proceeds similarly to the proof of [13, Lemma 3]. m

Lemma 3.3 The function 4,,,,,. (z) is real-valued and analytic for z € R\[0, 24]. Moreover, the
following asymptotic relations hold:

lim A, ,.(2) =1

|z|>00

Ap,us(2) = A7 (ug, u3) + 0(|2)),
where

A (g, i3) = 14 a11(0)pz + az2(0)uz + (aq1(0)az2(0) — afz(0))pzps, (8)
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The next lemma describes the geometry of the zeros of the polynomials A~ (u,, u3) and the induced
partition of the coupling-constant plane.

Lemma 3.4
The zero set of A~ (uy, 13) is the graph of the function
_ _ 1+ a;;(0)p;
Hz (pz):= — 2 ’
az2(0) + (a11(0)az2(0) — ai; (0)u,
with the horizontal asymptote u; = —u2 and the vertical asymptote p, = —u9, where
0 = a:1(0) >0, @ = az2(0) >0
3 = ) 2 — .
a11(0)az,(0) — af,(0) a;1(0)az,(0) — af,(0)
This graph consists of two disjoint connected branches, given by
To = {(aia)iks = 03 (2), B2 > —p3}, T = {(Maia)iis = 13 (), B2 < —H3),
The branches 75 U 77 divide the plane R? into three unbounded regions
R2\(tg Ut]) = Ay UA] UA3,

where
Ay = {2, 13): 3 > pz (), iz > —13}, 9)
AT = {(Uz, 13): 3 < p3 (U2), My > —p9} U {(—113, 13) € R?}
U {(uzsp3): 13 > 13 (12),  pz < —p3},
Ay ={(po z): 3 < pz (U2), a2 < —H3}

Proof. By the representation (8), the equation A~ (u,, u3) = 0 can be solved uniquely for p5, which
defines the function pu; = u3 (u,). Since the function u3z (i) is defined on (—oo, —u2) U (—u3, ), its graph
consists of two disjoint unbounded connected branches z, and 77 .

These branches divide the plane R? into three unbounded regions A;’, j =012, which are

characterized by the sign of the polynomial A~ (u,, 13) and are given explicitly by (9). m
The main results and their proofs

Recall that the main purpose of this work is to determine the exact number of eigenvalues of
Hpp ., (0) below its essential spectrum.

We will now determine the exact number of eigenvalues of the operator H,,,.(0) lying below the
essential spectrum within the regions Az, (=012

Theorem 4.1 Let uy, 3 € Rand ¢ = 0,1,2. If (uy, 43) € A, the operator Hy .. (0) has ¢
eigenvalues below its essential spectrum.

Proof. The Fredholm determinant A, . (2) is analytic in z € C\[0,24] and jointly analytic in the
coupling constants (u,, u3). Hence, by Rouché’s theorem, the number of its zeros in (—oo,0) is locally
constant. Since each region Az, ¢ =012, is connected, this number is constant throughout Ag.

It therefore suffices to compute the number of negative eigenvalues n_(Hy,.(0)) for a single
representative point in each region.

Case A,. Lemma 3.4 yields that (0,0) € A, . Since Hyy(0) = H,y(0), the operator Hgy(0) has no
eigenvalues below the essential spectrum. Therefore n_(H,},..(0)) = 0 for all (uy, u3) € Agq.

Case A7 . For (—u3,0) € A7, the determinant reduces to

A?lug)o(z) =1- .ugall(z)l
which is strictly decreasing on (—oo,0) and changes sign at the endpoints. Thus it has exactly one zero in
(—,0). By Lemma 3.1, the operator H(TMQ)O(O) has exactly one negative eigenvalue and therefore

n_(Hp,,(0)) = 1 forall (uy, u3) € A7
Case A;. Let (ugl),ugl)) be a point in A5 . Then by the definition of A5, we have
1 0 1 0
u§)<—ug)<0, ué)<—,ug)<0
and

A=, i) > 0.
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Since (ugl), 0) € A7, the determinant A#(l)o(z) has a unique zero z(ugl)) in (—o0,0). Hence
2
1 1
1+ 5P ay; (z(us)) = 0.
Using this relation, we obtain

1 1 1 1
8,000 2(15™)) =~ 5P adz (2y™)) < 0.
Moreover,
; _ : — -, @D
Zl_l)r_nooA”gn”gn (2) =1, lZIZrBIA#S)#gn (@) =A"(uy ",uy ) >0.
Thus, Aﬂ(l)#(l) (2) has at least two zeros in (—oo,0). Hence, by Lemma 3.1, the operator H:(‘l)“(l) (0) has at
2 3 2 3
least two eigenvalues below the essential spectrum. Since the perturbation is of rank two, H:(‘l)#(l) (0) has
2 3

exactly two negative eigenvalues.

This completes the proof. m
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