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Abstract. We study a one-parameter family of generalized Abel equations with trigonometric
coefficients and quadratic and quartic nonlinearities. For 0 < u < 2, an exact integral identity establishes
strictly negative Poincaré displacement throughout its domain, ruling out positive periodic solutions. Every
positive solution defined over the first complete period extends globally forward and converges to zero. An
expansion of the return map near the origin then yields algebraic decay with exponent 1/4 and an explicit
parameter-dependent leading coefficient. The proof combines a global displacement-sign estimate with a
local return-map expansion to determine the decay rate.
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CTPOI'O OTPUHATEJ/IBHOE CMEIIEHUE ITYAHKAPE U CTEITIEHHOE 3ATYXAHUE
B CEMEUCTBE OBOBINEHHBIX YPABHEHHWU ABEJIA

Annomauus. Paccmampueaemcst oOHonapamempuyeckoe cemeicmeo 060owénnvlx ypasuenutl Aoens
C MPULOHOMEMPUYECKUMU KOIDDUYUeHmamu U HeTUHeUHOCMAMU 8MOpoU U yemeépmoti cmenenetl. [ 0 <
U < 2 nonyyeHo mouHOe uHme2paibHoe npedcmagieHue Qynkyuu cmeweHus omoobpaxcenusn Ilyankape u
VCMAaHOBNeHa eé cmpozas OmpuyamenbHoCms Ha celi obnacmu onpedenenus. Tem camviM UCKTIOUEHDL
noaodcumenvHvle nepuooudeckue peutenus. /i noiojicumenrbHulX peulenull, Cyuecmsyioumux Ha nepeom
NOJHOM nepuode, 00KA3AHbL NPOOOJIHCUMOCHb HA 6CHO NOJONCUMENbHYIO NOJYOCh U CXOOUMOCHIb K HYIIO.
Pasznooicenue omobpaxcenus Ilyanxape 6 okpecmuocmu Hyns 0aém mMouHyl0 CHMENneHHYI0 ACUMNIMOMUKY C
nokazamenem 1/4 u eedywum xodgguyuenmom, 3asuciwum om napamempa. I 106anvHas oyenka 3HaKa
cMewjerus U JIOKATbHOe — pasiiodiceHue — omoobpadicenusi  Ilyankape — coemecmuo — onpeodensiom
acumnmomuyecKoe 3amyxaHue peueHu.

Knioueevie cnosa: o0606wénnoe ypasuenue Abens, noaodicumenvHoe nepuoouyeckoe peuieHue,
acéecmrasn  cucmema, omobpadcenue Ilyaumkape, @QyHKYus cmewjenus, UHMESPATbHOE MOAHCOECMBO,
CXO0UMOCHb K HYII0, CMENneHHoe 3amyXanue, acCUMNmomuyieckas oopmyia.

UMUMLASHGAN ABEL TENGLAMALARI OILASIDA PUANKARE SILJISHINING
QAT’TY MANFIYLIGI VA DARAJALI SO‘NISHI

Annotatsiya. Maqgolada davriy trigonometrik koeffitsiyentli, ikkinchi va to‘rtinchi darajali
nochiziglikka ega umumlashgan Abel tenglamalarining bir parametrli oilasi tadqiq etiladi. 0 < u < 2 da
Puankare qaytish akslantirishining siljish funksiyasi uchun aniq integral ifoda olinib, uning butun aniqlanish
sohasida qat’iy manfiyligi isbotlanadi. Natijada musbat davriy yechimlarning mavjud emasligi kelib chigadi.
Dastlabki to ‘lig davrda mavjud bo ‘Igan musbat yechimlar barcha musbat vaqtlar uchun davom ettirilishi va
nolga yaqinlashishi ko ‘rsatiladi. Qaytish akslantirishining nol yaginidagi yoyilmasi asosida so ‘nishning aniq
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darajali asimptotikasi topiladi: ko ‘rsatkich 1/4, yetakchi koeffitsiyent esa parametrga bog ‘lig. Siljishning

global ishora bahosi va lokal gaytish yoyilmasi birgalikda yechimlarning asimptotik so ‘nishini aniglaydi.
Kalit so‘zlar: umumlashgan Abel tenglamasi, musbat davriy yechim, burchak tezligi o ‘zgarmas

tekislik sistemasi, Puankare qaytish akslantirishi, siljish funksiyasi, integral ayniyat, nolga yaqinlashish,

darajali so ‘nish, asimptotik formula.

MSC 2020: 34C25, 34D05.

Introduction. For planar polynomial rigid systems, the search for limit cycles reduces to the
analysis of positive periodic solutions of the associated radial equation. Constant angular velocity makes the
Poincaré return map a natural tool: its fixed points correspond to closed trajectories. The radial equations
obtained in this way often belong to the class of generalized Abel equations [1].

For generalized Abel equations, nonexistence criteria are available even for sign-changing periodic
coefficients [1], and uniqueness criteria for limit cycles have been established [2]. The earlier classification
of three-trigonometric-monomial equations [3, Theorem 3.3] is recalled and extended in the broader study of
generalized Abel equations [4, Theorem A]. Quartic rigid systems and their planar dynamics are studied in

[5].

Existing nonexistence criteria for sign-changing coefficients rely on particular symmetries and sign patterns
[1, Theorems 2.4 and 2.8]; related rigid-system conditions appear in [1, Theorem 3.4]. Here we use an
antiderivative of the quartic coefficient to express the one-period displacement as an integral whose weight is
positive on the open half-period.

The trigonometric-monomial classification [4, Theorem A and Remark 2.3(1.5)] shows that the C, C, S
family can exhibit nontrivial limit cycles for suitable coefficients. We examine the fixed one-parameter
subfamily with coefficients 1, —, and 1.

Our main result concerns this one-parameter subfamily: for 0 < p < 2, the Poincaré displacement is strictly
negative throughout the domain of the return map. Consequently, positive periodic solutions are absent and
admissible trajectories converge to zero. A local expansion additionally gives the exact power-law decay
rate.

Problem formulation and domain of the Poincaré return map

dr
i sint r2 + cost(cos?t — usin?t)r4, r>0, u>0. (1)
Here the quartic coefficient and period are
A, (t) = cost(cos?t — usin®t), T = 2m.

Equation (1) is the radial equation of the planar rigid system
u=-v+u@+ud—puv?), v=u+v+ud— puv?),

Let 6 denote the polar angle. Introducing polar coordinates u = rcosf, v = rsinf, we obtain d6/dt = 1. With
0(0) = 0, we have 0 = t. Accordingly, a positive 2m-periodic solution of the radial equation determines a
closed trajectory of the planar system that avoids the origin.

The right-hand side of equation (1) is continuous in t and analytic in r. Hence a unique maximal solution
exists for every positive initial value r(0) = p. Since r = 0 is also a solution, a positive trajectory cannot
intersect the zero solution in finite time while remaining finite. These initial-value and continuation
principles follow from standard ODE theory [6, Chapter 2, Sections 2.2, 2.4, and 2.6].

Let D, denote the set of initial values p > 0 for which the solution remains positive and finite throughout
[0,T]. For p € D, define the Poincaré return map and displacement function by

n,(p) =r(T;p, 1), 4,(p) =1, (p) — p. (2)
Lemma 1. The set D, is nonempty and is an interval of the form (O, Ru)’ where 0 < R, < +00. The map 11,
is continuous on D,.
Proof. For sufficiently small p > 0, continuous dependence on initial data keeps the solution near zero on
the fixed interval [0, T], so D, is nonempty. Let p € D, and 0 < o < p. Uniqueness for a scalar differential
equation preserves the ordering of solutions:
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0<r(tou <r(t;p,w, 0<t<T,

as long as both solutions exist. Since the upper solution is bounded on [0, T], the lower one cannot blow up;
uniqueness also prevents it from reaching zero in finite time. Thus o € D,,. Continuous dependence makes

D, open, so it is an interval (O, Rﬂ). Continuity of /1, follows from the same dependence theorem. =

Remark 1. The upper endpoint R, is finite. Indeed, 4,,(0) = 1, so there exists § > 0 such that 4,(t) = % and
sint >0 on 0 <t <4. As long as a positive solution exists on this interval, it satisfies r’ > %r“. The
comparison equation z' = %24 with z(0) = p blows up after time 2/(3p3). For sufficiently large p, this time

is less than &, so the original solution also cannot survive to §. Hence R, < +o0; the return map is not
defined on the whole positive half-line.

The zero solution is excluded from D,. The nonexistence result below concerns positive solutions that
remain finite over a complete period.

An integral identity for the one-period displacement
Introduce the reciprocal variable x(t) = 1/r(t) along an arbitrary solution with p € D,,. Then x(¢) > 0 and

A,(t
x' = —sint — “(2 ). (3)
x
Define
1+
Qu(s) =s— Ms3, A, (t) = Q,'(sint)cost.

Consider the function
H(t) = x(t)* + 3Q,(sint).

Differentiating and using (3) gives the exact identity

H'(t) = 3x()%x'(t) + 3Q,'(sint)cost = —3sint x(t)?. 4)
This identity holds for any solution defined over the period; periodicity of the solution is not assumed.
Lemma 2 (integral representation of the displacement). For every p € D,,, the following identity holds:

s
x(T)3 — x(0)3 = 6f el® K(t)Q,(sint) dt, (5)
0
where, for0 <t < m,

X() = x(t), Y(t) = x(T —t).
3sint [X(t) + Y(t)]
X@®)2+X@)Y(@®) +Y()?%’
For 0 < t < m, we have K(t) > 0.

Proof. Set

K(t) =

L(t) = ftK (s)ds.
0

W) =H() —H(T —t) =X()* = Y(t)* + 6Q,(sint).
Because sin(T — t) = —sint and Q,, is odd, this representation holds throughout [0, r]. Identity (4) gives
W'(t) = H'(t) + H'(T —t) = —3sint [X(£)? — Y (¢)?].
Using the factorization X3 — Y3 = (X — Y)(X? + XY + Y?), we obtain

W'(©) = K(£) (6Q,(sint) — W(1)). (6)
All denominators are strictly positive because X,Y > 0. Thus K is continuous on [0, 7] and strictly positive
in the interior. From (6),

d

—(el® = 6el® ;

2 (FOW®) = 6eOK (D)Q, (sint).
Finally, W (m) = 0 because T — m = m, whereas W (0) = x(0)3 — x(T)3. Integrating the last identity from 0
to r yields (5). =

Formula (5) determines the displacement sign without explicitly solving (1): the weight e*®K(¢t) is
nonnegative for all admissible t and strictly positive on (0, 7).

Nonexistence of positive periodic solutions and convergence to zero
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Theorem 1. Suppose 0 < p < 2. Then, for every p € D,,,

0<I,(p) <p. (7
In particular, equation (1) admits no positive 2m-periodic solution.
Proof. For 0 <s <1,

Qu(s) =s(1—1;“52) >0,

because 1 + u < 3. Moreover, Q,(sint) > 0 for almost every t € (0, ), including the endpoint case u = 2.
By Lemma 2, the right-hand side of (5) is strictly positive. Hence x(T)3 > x(0)3, so x(T) > x(0) > 0.
Since r = 1/x, we obtain 0 < r(T) < r(0), proving (7). A positive T-periodic solution would satisfy
11,(p) = p, contrary to (7). =

Theorem 1 therefore excludes positive fixed points of I, and establishes the strict negativity of 4,
throughout D,,. The return map I1,, itself is increasing with respect to the initial value, as follows from order
preservation. The displacement sign also determines the long-time behavior of admissible positive
trajectories.

Figure 1 illustrates the sign structure of the auxiliary function Qu(s) used in the integral criterion.

0.4 4

0.2 1

0.0

Q;u (s)

-0.2 1

—0.4 1

—0.6 4

0.0 0.2 0.4 0.6 0.8 1.0
s=sind
Figure 1. Qu(s)=s—- (1 +p)s*/3atp=1,2,4; Qu(s)=0o0n [0, 1] for 0 <p<2.
Corollary 1. Let 0 < 4 < 2 and p € D,,. Then the solution of (1) extends to every t = 0, remains positive,
and satisfies

Jim (¢ p, 1) = 0. (8)
Proof. Define py = p and pp4q = I1,(py). By Theorem 1, 0 < pp, 44 < p,. Lemma 1 ensures that each p,
belongs to D,,, so the solution extends successively over all intervals [nT, (n + 1)T]. This continuation uses

the T-periodicity of the right-hand side.
The sequence p;, is decreasing and converges to some £ = 0. If £ > 0, then £ € D; continuity of I1,, would

yield I1,(£) = £, contradicting (7). Thus p, — 0. Continuous dependence on the zero solution shows that,
for sufficiently small positive initial data, maxy<s<r7(S; oy, ) — 0. This proves (8). =

Thus no positive solution can be periodic with any positive period, and the associated planar rigid system has
no nontrivial closed trajectories in the finite plane within this parameter range.

The parameter ranges covered by the sign criterion are summarized in Table 1.
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Table 1. Parameter ranges for the condition Qu(s) > 0 and its implications for IIp (p € Dp)

Pa:::;?er Sign of Qu(s) for 0 <s <1 Consequence for the Poincaré return map
0<u<?2 Qu(s)>0 Au(p) < 0; no positive 2x-periodic solution.
p=2 Qxs)>0fors<1;Qx(1)=0 Az2(p) < 0; no positive 2n-periodic solution.
The criterion does not determine the sign of Ap
pu>2 Sign change at s* = [3/(1 + p)] | across the full return-map domain; it alone gives no
conclusion on positive periodic solutions.

Asymptotic decay rate
To quantify the convergence established above, we compute the first nonzero term in the displacement
expansion near the zero solution.
Lemma 3. For each fixed u > 0, as the positive initial value p tends to zero,

T
M,(p) = p =5 B =wp® +0(p®). )
Proof. Fix 4 > 0. Choose a constant ;, > 0 such that, for0 <t <Tand 0 <r <1,
|sint 2 + 4,(Or*| < €12

For sufficiently small p > 0, comparison with z' = Cuzz, z(0) = p (using 2p < 1 and C,Tp < 1/2) gives
0 < r(t;p,u) < 2p on [0,T]. The integral form of equation (1) then provides the uniform estimate
lr(t; p, ) — pl < 4C,Tp?, 0<t<T.

Now put x = 1/r, with x(0) = p~*. Since x(t)~% = r(t)*> = 0(p?) uniformly for t € [0, T], integration of
(3) from 0 to t gives
x(t) =p~t+cost —1+0(p?), 0<t<T.

Hence
1
— 2
O p?[1 - 2p(cost — 1) + 0(p?)]
uniformly on [0, T]. Integrating (3) over one period yields
T4,
T—pt=-| Lt adt
X -p= - |
T T

x(T)—p~t= —pzfo A, () dt+ 2p3f0 A, (®)(cost — 1) dt + 0(p*).

The first integral vanishes because A4, (t) = % Q,(sint). For the second integral, we find
T T
T
Jo A, (t)(cost —1)dt = fo (cos*t — usin®tcos?t) dt = Z(B — .

Consequently,
s
x(T) = p~t +5 B =wp* +0(p").

Taking reciprocals gives (9). =

The leading coefficient in (9) also agrees with the Lyapunov-constant formula for quartic rigid systems in [5,
proof of Theorem 2.1], specialized to the present parameters.

Theorem 2. Let 0 < 4 < 2 and p € D,,. Then

r(t;p ) ~ [(B—wt]™%,  t > +oo. (10)
Equivalently,

Jim 14 (5 p, 1) = (3 — ) 7%,
Proof. Let p, = r(nT; p, u). Corollary 1 gives p,, = 0. Write ¢, = 2(3 —u) > 0. By Lemma 3,
P+t = Pn — CuPy + 0(pf).
Raising the ratio pj,11/pn =1 — cupf{ + 0(p3) to the power —4, we obtain
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Pri1—prt = 4c, + 0(py) = 213 — ) + o (D).

Summing these increments and applying the Cesaro mean theorem gives

-4
Pn
— - 2n(3 — ).
— (3 —p)
It follows that
pn ~ [2m(3 — p)n] "M%, (11)

To pass from the discrete return times to arbitrary t = nT + s, where 0 < s < T, use the T-periodicity of the
right-hand side. On each such interval, the estimate in Lemma 3 applies with initial value p,,. For all
sufficiently large n,

lr(nT + s; p, ) — pnl < 4C,Tp3, 0<s<T.

Consequently,
r(nT + s;p,1) = pp[1+ 0(pn)]

uniformly in s. Since t/(nT) — 1 as n — oo, relation (11) implies (10). =
Convergence is algebraic rather than exponential: the decay exponent 1/4 is the same for all 0 < u < 2,
whereas the leading factor depends on 3 — .

Discussion and conclusions.

The principal result is the strict negativity of the Poincaré displacement, expressed by I1,(p) < p for 0 <
u < 2 throughout the return-map domain. The proof exploits the representation of the quartic coefficient as
the derivative of Q,(sint) and derives an exact integral formula for the displacement. This excludes positive
2m-periodic solutions and establishes convergence to zero for positive solutions defined over their first
complete period.

The integral criterion controls the displacement across all admissible initial values; the local return-map
expansion supplies the exact decay rate.

The asymptotic decay law r(t) ~ [(3 — u)t]~2/# holds for 0 < u < 2 when the positive solution exists over
its first complete period. The case u > 2 lies outside the established global displacement-sign range.
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