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Abstract. In this article, the qualitative properties of nonlinear mathematical models of diffusion
processes described by parabolic and non-divergent equations are studied, as well as their practical
applications. In particular, the asymptotic behavior of solution for non-divergent diffusion equations with
sources or absorption is analyzed, estimates of the solutions are obtained, and software tools facilitating the
investigation of these nonlinear models are developed.
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NODIVERGENT KO‘RINISHDAGI NOCHIZIQLI PARABOLIK TENGLAMALAR
CHEGARALANMAGAN YECHIMLARINI TAHLIL QILISH

Annotatsiya. Ushbu maqolada parabolik va nodivergent tenglamalar orqali tavsiflanadigan nochizigli
matematik diffuziva modellarining sifat xossalari hamda ularning amaliy qo ‘llanilishi tadqiq etiladi.
Xususan, manbali yoki yutilishli nodivergent diffuziya tenglamalari yechimlarining asimptotik xatti-harakati
tahlil qilinadi, yechimlar uchun baholar olinadi hamda mazkur nochizigli modellarni tadgiq etishni
yengillashtiruvchi dasturiy vositalar ishlab chigiladi.

Kalit so‘zlar: matematik modellashtirish, o ‘z-o0°ziga o ‘xshash yechim, parabolik tenglama,
nodivergent ko ‘rinish, quyi yechim, yuqori yechim.

O MOBEJEHMU HEOT'PAHUYEHHBIX PEINEHUI HEﬂHI—{EFIHBIX
HEJIUBEPTEHTHBIX TAPABOJIMYECKHUX YPABHEHUU

Annomayua. B Oaunnoii cmamve  uccneoyromcs — KauecmeeHHvle — COUCMBA  HeNUHElHbIX
Mamemamudeckux — mooenei  Oup@Py3uoHHbLIX  Npoyeccos,  ONUCLIBAEMBIX — NAPAOOIUYECKUMU U
HeOUBEeP2eHMHbIMU YPAGHEHUAMU, A MAKXHCe pPACCMAMPUBAIOMC UX Npakmuyeckue npunodxcenus. B
YACMHOCMY, AHATUSUPYEMCS  ACUMNMOMuUYeckoe nosedenue peuleHuli HeOUBepP2eHMHbIX YPAGHEeHUl
oupghysuu ¢ ucmouHuKamu unu NoO2NOujeHUeM, NOIY4eHbl OYEeHKU peuleHull U paspabomansl npocpamMmHble
cpeocmaa, obnesuarougue UCCie008aHue OAHHbIX HeTUHEUHbIX MOOeell.

Kniouesvie cnoea: mamemamuueckoe Mmooenuposauue, camono0odHoe peuieHue, napadoruyeckoe
VpaeHeHue, HeOusepeeHmMHas hopma, HUdNCHee peuleHue, GepxHee peuleHue.

Introduction. In this work, in the domain

0= (O, T ) xR
we consider the Cauchy problem of nonlinear parabolic equation not in divergence form:
-2
ou , 0[|oul”" ou _
——4u’—||—| — |[+Au" =0, (1)
ot ox\|ox| oOx
ul_ =u,(x)20, xer, @

t=o0
where A =1, p>2, g >2, o >2-numerical parameters, u =u (t,x) > 0 the sought solutions of the

problem. Some qualitative properties of a p-Laplacian equation in non-divergent form were studied by
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Raimbekov [1] and [2]. Asymptotic solution of the Cauchy problem was also analysed at # — o0 for slow and
fast diffusion cases. Jin and Yin [3] considered the doubly degenerate diffusion Cauchy problem

u, :umdiv(|Vu|p_2 Vu)+/1u", (x,t) eQx(O,T),

u=0, (x,t)e@Qx(O,T), u(x,O)euO (x), xeQ),
where m>1, p>1.
The critical exponent g, = p+m—1 was obtained, namely, the solutions are global if g <g., and there
exist both global and blow-up solutions if g > g, . In the critical case g =g, solutions are dictated by the size

of the domain. In [4], Zhou and Zheng investigate the positive solutions to the degenerate parabolic equation
in the non-divergence form

u, =u’Vu+u’ |Vu|2 —u’
with zero Dirichlet boundary condition. The existence of global solutions and the large time needed for
solving them is studied. The main effort goes into obtaining uniform asymptotic profiles for the decay

solutions, under various dominations of the nonlinear diffusion or absorption. It is shown that the large time
property of the solution behaves just like
(1+(r=1)2)(=1/r-1)

if the decay is governed by the nonlinear absorption with
I<r<p+l.

Porous medium equations with local sources or with non-local sources subject to non-local boundary
conditions were studied; (see [5], [6] and [7]). The conditions of existence and blow-up are discussed. In [8],
Sun et al. study the non-existence and long-time behavior of a weak solution for the degenerate parabolic
equation

n m g m|P~2 m m|P n
ou" =u dlv(|Vu | Vu )+;/|Vu | +u
with zero boundary condition. The blow-up time is detected when the blow-up does occur. Zhou et al.

[9] investigate the positive solutions to the doubly degenerate parabolic equation in the non-divergence form
with the gradient term

u, = u"’div(|Vu|p_2 Vu) +yu”

Vu|p + pu’?

and with zero Dirichlet boundary condition. Zhou et al. first established the local existence of weak
solutions to the problem, and then determined in what way the gradient term affects the behavior of the
solutions. Wang [10] studies the non-existence and the behavior of the non-negative solution to the nonlinear
degenerate parabolic equation with the Dirichlet boundary condition and the initial condition

u, = u’”div(|Vu|p_2 Vu) +yu’ |Vul|” + pu’,
where m e [1;2) , p>1, ¥>0. The above equation, as a typical divergent equation, is known as a fast

diffusive one for 0 <n <1, where

n= ,m<0 and n>1,

1
1-m
which corresponds to 0 <m <1.
When 1<m <2, the above equation is a non-divergent one, which has been proposed as a mathematical
model of physical problems in many fields such as the resistive diffusion of a force-free magnetic field,
dynamics of biological populations, etc. Many authors studied the above equation with p=2 (see, for

example, [11] and references therein). Recently, the authors [12] have discussed the case p>2, m=1, y =0

and have constructed different solutions. In [13], the non-existence and the extended time behavior of the
solutions for m =1 are studied. In the general case, the authors [12] have discussed the existence of weak
solutions to the initial boundary value problems. However they did not study the non-existence and the
extended time behavior of the solution. The global solvability of the Cauchy problem for nonlinear parabolic
system not in divergence form with a variable density and a source and the asymptotic self-similar solution are
studied in many references.

The self-similar analysis of the Nonlinear Equations. We have established the existence and
uniqueness off with compact carriers, which imply that the self-similar solution is narrowed. Based on this, we
also established the convergent velocity of these solutions at the carrier boundary. To construct a self-similar
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system (1), a nonlinear splitting algorithm is proposed, for which the solution of system (1) is sought in the
form

u(x,t) =u(t)o(x,z(t)). (3)
Let u(x,t) =u(t) be in the form:
u)=AT-ty,

where
1

1 1 o2
y = and A= —— .
2-¢q [q—2)

Using (3) the system (1) can be reduced to the following form:

p-2
0o a)“i o Jo +;r‘l(w‘“—w), 4
61 ox
T(l) Azx+p -2 (T

ox ox | a+p—q
yla+p-2)+1
In the future, the equation (1) is investigated when the condition is met. We consider the problem for the
case a+p—q >0, g>2, p>2.Weseek the self-similar solution of equation (4) in the following form:

where
t);/(a+p—2)+1

by
w(x,7)= f(¢) and &= 3 ©)
By substituting (5) into equation (4), we obtain the following self-similar solution:
dr’ f 1 a _
1= (fq1 f)-—f (6)
d S\ |dEl dé a +p- d f
A subsolution of the problem. Suppose that of equation (6) the following conditions are fulfilled:
Lu_(¢t,x)=0. (7
Then the function
f(&)=B(a+S")", ®)

where
1

a+p—=2)"" a2
a>0, B:( ([H p=2) ]
p" (a+p—q)
satisfy the equation (6). Then, the subsolution theorem holds.
Theorem 1. Let g >« and u_ (O,x) < u(O,x), x € R. Then, for problem (1)—2) , a global solution

exists in O and the following estimate is satisfied:
u_ (O,x) < u(O,x), xeR,

where u_ (t,x) = z?(t)]?(f) .
Proof. To prove the theorem we use the method of comparison of solution. Hence, comparing solution
methods [9] it is taken the function u_ (t, x) . Substituting (8) in (1) the following inequality can be obtained:
f 1 df
—— ("= )+— é 0. ©)

oa f
fd?U dé ) avpq dé

If the specific form (7) is given for the function f (cf) inequality (9) can be rewritten as follow:

pPq—q-pta

Bty - L |y L gy ert 5o (10)
a+p—q a+p—q
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It is known that j_”(é‘ ) positive function and (¢ —a)(p—1)=0. Then, according to the theorem, for

the comparison of the solutions to problem. (1)—(2), there exists a global solution in () and the following
estimate is satisfied:
u_ (O,x) < u(O,x) .
The proof of the theorem is completed.
A supersolution of the problem. Suppose that of equation (6) the following condition is fulfilled:

Lu (¢t,x)<0.
Then, the function f(&)=B(a—&")" satisfy the equation (6), where a >0, and

1

B (a+p—2)p TP’Z'
p"(@-2)(1-p)g—a-p)

Under these conditions, the supersolution theorem holds.
Theorem 2. Let the following conditions be satisfied:
a) ¢>3 and 1<a<2;

b) ¢<3 and a>2;

o u(0,x)<u,(0,x), xeR.

Then, there exists a global solution to problem (1)—(2) in O which satisfies the following estimate:
u(O,x) <u, (O,x) , XeR,

u.(t.2)=7 (1) 7(£).
Proof. To prove the theorem, we employ the comparison principle for solutions. Following the
comparison methods established in [9], we consider the function u, (t,x) . Substituting (8) into (1), we obtain

where

the following inequality:

o d [lar| i 1 ¢ a _
J 5‘ e A i e (11)

Given the specific form of the function f (é‘ ) in (7), inequality (9) can be rewritten as follows:

| (p-1X4-2) -1 Y
—— B (a) 7 —(—j (1-a)<0. (12)
a+p—gq a+p-2

It is known that j?(cf) is a positive function and g—a — p <0. Consequently, according to the
comparison theorem, there exists a global solution to problem (1)~(2) in ( such that the estimate
u (0, x) <u, (0, x) holds. The proof of the theorem is completed.

Asymptotic of the self-similar solutions.
Theorem 3. Let the conditions

-2)(g-2
(P-2)(a-2) _,

a+p-2
be satisfied. Then the blow-up solution of equation (1) has the following asymptotic behavior as t — T :
p-1

L N P Na+p-2
u(t,x) —> [%jq 2 (T_t)qlf2 1 a +((x)(T—f)p(2p—; jpl .
q

a+p—q<0 and

When the exact solution cannot be obtained, deriving an estimate or determining its asymptotic behavior
is still considered a significant result. The constructed lower and upper solutions provide preliminary
information about the qualitative properties of the exact solution.
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Conclusion. The Cauchy problem for a non-divergent nonlinear parabolic equation with an absorption
term, describing combustion processes, was investigated using the comparison method. A fundamental
contribution of this work is the construction of both subsolution and supsolution corresponding to the problem,
which allowed for the establishment of rigorous lower and upper bounds for the main solution. Furthermore,
the asymptotic representations of self-similar solutions were derived, and their qualitative evolution was
analyzed. It was established that the coefficients of the leading terms of the asymptotic expansion satisfy a
specific nonlinear algebraic equation. These results underscore the critical role of nonlinear diffusion and heat
generation in combustion dynamics. The obtained findings significantly contribute to the theoretical
framework of nonlinear parabolic models used in heat transfer and chemical kinetics.
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